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Resumo

O objetivo desta dissertação é realizar um estudo geral de semigrupos definíveis em

estruturas o-minimais. Começamos com uma exposição dos conhecimentos necessá-

rios de teoria de modelos, e um desenvolvimento detalhado dos conceitos básicos de

o-minimalidade, com especial ênfase em resultados conhecidos sobre grupos definíveis.

O restante da dissertação é dedicado ao estudo de semigrupos definíveis. A abordagem

seguida consiste em tomar resultados clássicos - quer da teoria de grupos definíveis, quer

da teoria de semigrupos topológicos - e investigar se estes podem ser generalizados para

o contexto dos semigrupos definíveis.

Mostramos que vários teoremas clássicos sobre semigrupos compactos permanecem

válidos neste novo contexto. Concretamente, provamos a existência de idempotentes

em semigrupos definivelmente compactos, a existência de ideais mínimos definíveis à

esquerda e à direita, bem como a existência de um núcleo definível. Estudamos também

paragrupos definivelmente compactos como uma extensão natural dos grupos definíveis,

e demonstramos que muitos resultados centrais da teoria de grupos definíveis se gene-

ralizam para paragrupos se, e somente se, o paragrupo for H -finito.

Palavras-chave: teoria de modelos, semigrupos, o-minimalidade
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Abstract

The goal of this dissertation is to carry out a general study of definable semigroups in o-

minimal structures. We begin with an exposition of the necessary model-theoretic back-

ground and a detailed development of the basics of o-minimality, with particular emphasis

on known results concerning definable groups. The remainder of the thesis is devoted

to the structure theory of definable semigroups. The guiding approach throughout is to

take classical results - either from the theory of definable groups or from topological semi-

group theory - and investigate whether they can be generalized to the setting of definable

semigroups.

We show that several classical theorems about compact semigroups remain valid in this

context. Specifically, we prove the existence of idempotents in definably compact defin-

able semigroups, the existence of definable minimal left and right ideals, and the existence

of a definable kernel. We also study definably compact paragroups as a natural extension

of definable groups, and show that many key results from the theory of definable groups

generalize to paragroups if and only if the paragroup is H -finite.

Keywords: model theory, semigroups, o-minimality
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Introduction

Model theory is an area of mathematical logic that studiesmathematical structures through

the lens of first-order logic. Althoughmany foundational results were discovered in the first

half of the 20th century, the name ”Model Theory” was first coined by Alfred Tarski only in

1954 (see [1]). Almost thirty years later, in 1986, the definition of an o-minimal structure

was introduced by A. Pillay and C. Steinhorn in ”Definable Sets in Ordered Structures

I” [2], motivated by the work of L. Van Den Dries in [3]. At around the same time, in

1984, A. Grothendieck published the paper ”Esquisse d’un Programme” [4] where, among

other things, he justifies his views for the need of a re-foundation of topology, with the

goal of excluding pathological phenomena and fitting to the geometry of semialgebraic

and semianalytic sets. He named this new reformulation of topology ”tame topology”

(topologie modérée). In the paper, he never explicitly defined or constructed the tame

topology that he envisioned and simply stated some properties that he believed such

topological framework would need to have.

As it turns out, o-minimality does provides a geometric and topological framework where

the typical pathologic behaviour present in classical topology and algebraic geometry do

not exist. This is accomplished by focusing only on definable objects within the structure,

essentially ’filtering’ out any unwanted behaviour. For example, in an o-minimal structure,

definable maps are always well-behaved and definable sets can not exhibit fractal-like

behaviour. Because of this, many see o-minimality as a prime candidate for the notion of

tame topology envisioned by Grothendieck.

In recent decades, the theory of definable groups in o-minimal structures has evolved into

a robust and elegant framework that highlights how o-minimality restricts and influences

the algebraic behaviour of definable groups. This raises a natural question: to what extent

can these results and techniques be extended to more general algebraic objects, such as

semigroups?

The motivation of this dissertation is thus to investigate whether classical theorems con-

cerning semigroups and topological semigroups remain valid when translated to the de-

finable setting within o-minimal structures, and whether results about definable groups

in o-minimal structure carry over to definable semigroups. In doing so, we not only aim

to generalize the theory of definable groups, but also contribute to the broader program
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of understanding algebraic and topological behaviour under the geometric constraints of

tame topology.

One of my main objectives when writing this dissertation was to make it as self-contained

as possible.To that end, Chapter 1 provides a comprehensive overview of all the model-

theoretic concepts and tools employed in the subsequent chapters. This includes topics

such as the compactness theorem, the Löwenheim–Skolem theorem, types, saturated

structures, and others. References to relevant results fromChapter 1 are given as needed

throughout Chapters 2 and 3, so that any reader already familiar with model theory can

skip this chapter altogether and only refer to it as necessary. The primary references for

this chapter are Marker’s book ”Model Theory: An Introduction” [5], which was also the

book I used to first learn these concepts myself, and the course notes by M. Edmundo [6].

In Chapter 2, we begin by introducing the concept of an o-minimal structure, which is

central to this work. The main reference I used for this Chapter is Van Den Dries’ book

”Tame Topology and O-minimal Structures” [7] which, to the best of my understanding,

has become a standard introduction to the subject. This chapter is divided into three main

sections. The first section presents and proves the Monotonicity Theorem and the Cell

Decomposition Theorem — two results that were pivotal in the early development of the

theory of o-minimal structures following their introduction by A. Pillay, C. Steinhorn and

J. Knight in both [2] and [8]. In the second section, we discuss some important known

results about definable groups in o-minimal structures. Specifically, we introduce the t-

topology, first defined by A. Pillay in [9], which has played a crucial role in the study

of definable groups. Followed by some properties of the t-topology, we briefly discuss

definably compactness, which was introduced by C. Steinhorn and Y. Peterzil in [10], and

will play a central role in Chapter 3. Finally, the third section introduces the notions of

definable spaces and definable manifolds. These concepts will serve as a foundational

framework for the results presented in Chapter 3.

With this being said, the objective of Chapter 3 is to explore the possibility of generalizing

the properties of definable groups in o-minimal structures to the broader context of de-

finable semigroups. For that, much like in Chapter 1, we start with a brief exposition of

basic definitions and facts from semigroup theory. Starting from Section 3.2, the content

presented is my original contribution to the subject. I start by generalizing to the setting

of definable spaces some technical results concerning definable compactness, originally

established by Y. Peterzil and A. Pillay in [11] and further generalized by M. Edmundo
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and G. Terzo in [12]. Using these tools, we proceed to analyse the algebraic structure

of definable semigroups equipped with a compatible definably compact definable space

structure. In particular, we prove the existence of idempotents, the existence of a unique

minimal definable ideal, and explore several corollaries that follow from these results.
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1. Model Theory

Mathematical structures often exhibit rich logical properties that can be systematically

analysed through the lens of model theory. In this chapter, we will explore some funda-

mental albeit essential concepts from model theory that will lay the groundwork for the

rest of this work.

1.1. Foundational Concepts

1.1.1 Signatures and Structures

One of the basic objects we study and work with in model theory are structures, and as

such, we begin by defining what a structure is.

Definition 1.1.1. A first-order signature, or just signature, is given by a tuple σ = (I, J, K, ρ)

where I, J, K are disjoint sets and ρ : I ∪ J → N is a function. The number assigned to

every element of I and J by ρ is called its arity.

Definition 1.1.2. Given a signature σ = (I, J, K, ar), a σ-structure is a tuple

M = (M, (Ri)i∈I , ( f j)j∈J , (ck)k∈K)

where:

• M is a non-empty set called the universe or domain of M, denoted by dom(M);

• for each i ∈ I, Ri ⊆ Mn is an n-ary relation on M, with n = ρ(i);

• for each j ∈ J, f j : Mn → M is an n-ary function on M, with n = ρ(j);

• for each k ∈ K, ck ∈ M is a constant of M.

Example 1.1.3. Let I = ∅, J = {a, b} and K = {c, d} with arity function given by ρ(a) = 1

and ρ(b) = 2. Consider the signature σ = (I, J, K, ρ). The following are some examples

of σ-structures:

• (R, exp, ·, 0, 1)

• (Z, | |,+, 2, 3)

• (P(N), c,∩, ∅, N)
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Before continuing any further, I will define the familiar notions of homomorphism, isomor-

phism, and embedding for general σ-structures:

Definition 1.1.4. Let

A = (A, (Ri)i∈I , ( f j)j∈J , (ck)k∈K)

and

B = (A, (Si)i∈I , (gj)j∈J , (dk)k∈K)

be two σ-structures. A map π : A → B is a homomorphism from A to B if the following

are true:

• For each i ∈ I and a1, . . . , aρ(i) ∈ A, if (a1, . . . , aρ(i)) ∈ Ri then (π(a1), . . . , π(aρ(i))) ∈

Si;

• For each j ∈ J and a1, . . . , aρ(j) ∈ A, π( f j(a1, . . . , aρ(j))) = gj(π(a1), . . . , π(aρ(j)));

• For each k ∈ K, π(ck) = dk.

We say that a homomorphism π : A → B is an embedding if:

• π is injective;

• For each i ∈ I and a1, . . . , aρ(i) ∈ A, then (a1, . . . , aρ(i)) ∈ Ri if and only if (π(a1), . . . , π(aρ(i))) ∈

Si.

By an isomorphism fromA to B wemean a bijective embedding fromA to B. If there is an

isomorphism from A to B, we say that A and B are isomorphic and denote it by A ' B.

If A ⊆ B, when we say thatA is a substructure of B or that B is an extension ofA, denoted

by A ≤ B, if the inclusion map ι : A ↪→ B is an embedding.

Example 1.1.5.

1. Let A = (N, |) where | is a binary relation given by n | m if and only if n divides

m, and let B = (N,≤), where ≤ is the usual order of N. Then the identity map

ι : A → B is an injective homomorphism, as n | m implies that n ≤ m. However, it

is not an embedding because, for example, 2 ≤ 3 but 2 - 3.

2. Let A = (Q,<,+, ·, 0, 1) and B = (R,<,+, ·, 0, 1). Then the identity map ι : A → B

is an embedding.
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3. Let A = (R,<,+, 0) and B = (R>0,<, ·, 1). Then the map f : A → B given by

f (x) = ex is an isomorphism.

Before continuing, note that, using the notation from Definition 1.1.4, A is a substructure

of B if and only if A ⊆ B and:

• For each i ∈ I, Ri = Aρ(i) ∩ Si

• For each j ∈ J, f j = gj|Aρ(j)

• For each k ∈ K, ck = dk and in particular, dk ∈ A

This implies that, given a σ-structure

B = (A, (Si)i∈I , (gj)j∈J , (dk)k∈K)

and a subset A ⊆ B such that:

• for each j ∈ J, gj is closed in A

• for each k ∈ K, dk ∈ A

we can construct a substructureA = (A, (Ri)i∈I , ( f j)j∈J , (ck)k∈K)with universe A by taking

• Ri := Aρ(i) ∩ Si

• f j := gj|Aρ(j)

• ck := dk

1.1.2 Languages and Formulas

Another very important object we work with and study in model theory are theories. In-

formally speaking, a theory is simply a set of ”properties” that some structures of interest

have, and those ”properties” are encoded via the use of formulas. Although we will not de-

fine right now formally what a theory is, we will start by defining it is fundamental building

block: formulas. To do so, we start by the preliminary definition of a first-order language.

Definition 1.1.6. Let σ = (I, J, K, ρ) be a signature. The first-order language with signa-

ture σ, denoted by Lσ is a formal language consisting of:

Logical Symbols:
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• A countably infinite number of variables v1, v2, . . .;

• The equality symbol =;

• The logical connectives ¬,∧,∨,→,↔;

• The universal and existential quantifiers ∀, ∃;

• Parenthesis (,) and a comma , .

Non-logical symbols:

• For each i ∈ I, an ρ(i)-ary relational symbol Pi;

• For each j ∈ J, an ρ(j)-ary functional symbol Fj;

• For each k ∈ K, a constant symbol ck.

When the signature is clear from the context or when it is arbitrary, we simply write L

instead of Lσ. We define |Lσ| = max{|I|, |J|, |K|}, and we say that the language is finite

[countable] if |Lσ| is finite [countable].

Note that, to specify a first-order language, we only need to know its non-logical symbols.

Furthermore, up to renaming of non-logical symbols, there is a unique first-order language

of a given signature, which gives rise to a natural correspondence between first-order

languages and signatures. In fact, it is common to implicitly define a signature by giving

a first-order language, and in particular if L is a language with signature σ, it is common

to write L-structure instead of σ-structure.

Example 1.1.7. Some examples of languages include:

• The language of rings Lr = {+,−, ·, 0, 1} where +,−, · are binary functional sym-

bols and 0 and 1 are constants;

• The language of ordered ringsLor = Lr ∪{<}where< is a binary relational symbol;

• The language of groups: Lg = {·, −1, e}, where e is a constant, · is a binary func-

tional symbol and −1 is a unary functional symbol;

• The language of pure sets L = ∅;

• The language of graphs L = {R} where R is a binary relational symbol.
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Let σ be a signature, Lσ be a language of signature σ and letM be an Lσ-structure given

by (M, (Ri)i∈I , ( f j)j∈J , (ek)k∈K). For any i ∈ I, we say that Ri is the interpretation of the

relational symbol Pi of Lσ, and it is common and sometimes useful to write PM
i instead

of Ri. Analogously, we sometimes write FM
j instead of f j and cMk instead of ek for the

interpretations of functional and constant symbols in M respectively.

Now, let L be an arbitrary first-order language. As with any formal language, an L-word

is simply a sequence of symbols of L. The main goal is to use L-words to describe

properties of L-structures. Such L-words are called formulas. We start by defining an

elementary building block in such formulas known as terms.

Definition 1.1.8. Let L be a first-order language with signature σ = (I, J, K, ρ). An L-term

is a L-word defined by the following set of rules:

• For each p ≥ 1, vp is an L-term;

• For each k ∈ K, ck is an L-term;

• For each j ∈ J, if t1, . . . , tρ(j) are L-terms, then Fj(t1, . . . , tρ(j)) is an L-term;

• Any L-term is obtained from the application of the rules above a finite number of

times.

Example 1.1.9. Consider the language of rings Lr in example 1.1.7. Some examples of

Lr-terms include: ·(v1,−(v3, 1)) and +(1,+(1,+(1, 1))).

When writing terms with binary functional symbols that are meant to represent operations,

for example with + or · in the language of rings, it is common to write t1 + t2 instead of

+(t1, t2). So for the examples given in example 1.1.9, we would write those terms as

v1 · (v3 − 1) and 1 + (1 + (1 + 1)) instead.

Having defined L-terms, we are ready to define what an L-formula is.

Definition 1.1.10. An atomic L-formula is either:

• t1 = t2 where t1, t2 are L-terms;

• Ri(t1, . . . , tρ(i)), for some relational symbol Ri and terms t1, . . . , tρ(i).

We define L-formulas as follows:
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• Every atomic L-formula is an L-formula;

• If φ is an L-formula, then so is ¬φ;

• If φ, ψ are L-formulas, then so are φ ∧ ψ, φ ∨ ψ, φ → ψ and φ ↔ ψ;

• If φ is an L-formula, then for any p > 0, so are ∀vpφ and ∃vpφ;

• Any L-formula is obtained from the application of the rules above a finite number of

times.

Example 1.1.11. Some examples of Lor-formulas include:

• ∀v1(v1 · v1 < 0)

• v1 > 0 ↔ ∃v2(v2 · v2 = 0)

• v1 = 0 ∨ 0 < v1

Another important concept is that of a free variable. Intuitively, a free variable is one that is

not ”bound” by any quantifier. For example, in the language of rings, consider the formula:

∀v1(v1 + v2 = 0). Here v2 is a free variable while v1 is not, as it is ”bound” by the universal

quantifier ∀v1.

Definition 1.1.12. We say that a variable vp is free in a formula φ, if one of the following

is true:

• φ is an atomic formula and vp occurs in φ;

• φ = ¬ψ, with vp free in ψ;

• φ is of the form ψ ∧ χ, ψ ∨ χ, ψ → χ or ψ ↔ χ, with vp free in ψ or χ;

• ψ is of the form ∀vqψ or ∃vqψ, with vp free in ψ and q 6= p.

A formula with no free variables is called a sentence. These types of formulas play a

key role in model theory, as we will see later. Examples of sentences in the language of

ordered rings include: ∀v1∀v2(v1 + v2 > v1), ∀v1∃v2(v1 · v2 = 1) and ¬(1 + 1 + 1 = 0).

For any set A, let Aω denote the set {(a1, a2, . . .) : an ∈ A for all n ≥ 1} of infinite se-

quences of elements of A.
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Given a language L, an L-structure M = (M, {Ri}i∈I , { f j}j∈J , {ek}k∈K) and a term t, we

can define a function

tM : Mω → M

as follows:

for any ā ∈ Mω,

• if t = vp, for some p ≥ 1, then tM(ā) = ap;

• if t = ck, then tM(ā) = ek;

• if t = Fj(t1, . . . , tρ(j)), then tM(ā) = f j(tM1 (ā), . . . , tMρ(j)(ā)).

We say that the function tM is the interpretation of the term t in M. We can think of an

element ā ∈ Mω as assigning values in M to each variable v1, v2, . . ., and then tM(ā)

simply ”evaluates” the term t when we substitute each variable by the value assigned by

ā.

Example 1.1.13. Consider the languageL = (F, G, c)where F is a unary function symbol,

G is a binary function symbol and c is a constant symbol and consider the term

t = G(v3, F(G(v6, c)))

Then:

• If A = (R, exp,+, 1), then tA(r̄) = r3 + exp(r6 + 1)

• If B = (P(N), c,∩, N), then tB(S̄) = S3 ∩ Sc
6

• If C = (Mn(C), T, ·, In), then tA(M̄) = M3 · MT
6

As we can see from this example, the interpretation of t only seems to depend on the

variables that occur in t, and as we will see now, this is precisely the case.

Proposition 1.1.14. Let L be a first-order language, M = (M, {Ri}i∈I , { f j}j∈J , {ek}k∈K)

an L-structure and t a L-term. Let ā, b̄ ∈ Mω such that ap = bp for all p ∈ N such that vp

occurs in t. Then tM(ā) = tM(b̄).

Proof. We use induction on the terms. If t = vp for some p, then tM(ā) = ap = bp =

tM(b̄). If t = ck, for some k ∈ K, then tM(ā) = ek = tM(b̄). If t = Fj(t1, . . . , tρ(j)) for some
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j ∈ J and terms t1, . . . , tρ(j), then:

tM(ā) = f j(tM1 (ā), . . . , tMρ(j)(ā))

= f j(tM1 (b̄), . . . , tMρ(j)(b̄))

= tM(b̄)

using the induction hypothesis that tM1 (ā) = tM1 (b̄), . . . , tMρ(j)(ā) = tMρ(j)(b̄).

Given an L-term t, we write t(v1, . . . , vn) to denote that the variables that occur in t are

among v1, . . . , vn. Proposition 1.1.14 justifies the following notation: given an L-structure

and ā ∈ Mω, we write tM(a1, . . . , an) instead of tM(ā), where the variables that occur in

t are among v1, . . . , vn.

Before continuing, I will introduce the following notation: for ā ∈ Aω, b ∈ A and p ≥ 1,

we use ā(p/b) to denote the element (a1, . . . , ap−1, b, ap+1, . . .) ∈ Aω, i.e. we replace the

p-th element of ā by b.

We have already defined what a formula in any given language is, and as I hinted at earlier,

we will use formulas to express properties of structures. Therefore, the next natural step is

to define what is means for a formula to be true in some structure. The following definition

is also known as Tarski’s definition of truth:

Definition 1.1.15. Let L be a first-order language, M = (M, {Ri}i∈I , { f j}j∈J , {ek}k∈K)

an L-structure, φ an L-formula and ā ∈ Mω. We define inductively what it means for φ

to be true in M when we assign the values of ā to the variables v1, v2, . . ., denoted by

M |= φ[ā]:

• If φ is t1 = t2, then M |= φ[ā] if and only if tM1 (ā) = tM2 (ā);

• If φ is Pi(t1, . . . , tρ(i)), then M |= φ[ā] if and only if (tM1 (ā), . . . , tMρ(i)(ā)) ∈ Ri;

• If φ is ¬ψ, then M |= φ[ā] if and only if M |= ψ[ā] is not true;

• If φ is ψ ∧ χ, then M |= φ[ā] if and only if M |= ψ[ā] and M |= χ[ā];

• If φ is ψ ∨ χ, then M |= φ[ā] if and only if M |= ψ[ā] or M |= χ[ā];

• If φ is ψ → χ, then M |= φ[ā] if and only if M |= ψ[ā] implies M |= χ[ā];

• If φ is ψ ↔ χ, then M |= φ[ā] if and only if, M |= ψ[ā] is equivalent to M |= χ[ā];

• If φ is ∃vpψ, then M |= φ[ā] if and only if there is b ∈ M such that M |= ψ[ā(p/b)];
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• If φ is ∀vpψ, then M |= φ[ā] if and only if for all b ∈ M we have M |= ψ[ā(p/b)].

Example 1.1.16. Consider the language of rings and the formula φ = ∃v2(v2 · v1 = 1). In

R = (R,+,−·, 0, 1), we have that R |= φ[x̄] if and only if x1 6= 0. If Z = (Z,+,−, ·, 0, 1),

then Z |= φ[k̄] if and only if k1 = ±1.

Just as with Proposition 1.1.14, we will now see that the truth of a formula only depends

on the values we assign to its free variables.

Proposition 1.1.17. Let L be a first-order language, M = (M, {Ri}i∈I , { f j}j∈J , {ek}k∈K)

an L-structure and φ a formula. Let ā, b̄ ∈ Mω such that aq = bq for all q ∈ N such that vq

is a free variable in φ. Then M |= φ[ā] if and only if M |= φ[b̄].

Proof. Using induction over the definition of a formula:

If φ is t1 = t2, then M |= φ[ā] if and only if tM1 (ā) = tM2 (ā). Every variable that occurs in

φ is free, so by Proposition 1.1.14 we have that tM1 (ā) = tM1 (b̄) and tM2 (ā) = tM2 (b̄). Thus

tM1 (ā) = tM2 (ā) if and only if tM1 (b̄) = tM2 (b̄) which is equivalent to M |= φ[b̄].

If φ is Pi(t1, . . . , tρ(i)), then M |= φ[ā] if and only if (tM1 (ā), . . . , tMρ(i)(ā)) ∈ Ri if and only if

(tM1 (b̄), . . . , tMρ(i)(b̄)) ∈ Ri which is equivalent to M |= φ[b̄].

If φ is ¬ψ then φ and ψ have the same free variables, and therefore by induction we have

that M |= ψ[ā] if and only if M |= ψ[b̄], ergo M |= φ[ā] if and only if M |= φ[b̄]. When φ

is either ψ ∧ χ, ψ ∨ χ, ψ → χ or ψ ↔ χ the proof is analogous.

If φ is ∃vpψ, then M |= φ[ā] if and only if there exists d ∈ M such that M |= ψ[ā(p/d)].

Consider the variable assignment given by b̄(p/d). Then they coincide in vp and in

any other free variable of φ. However, we know that {free variables in ψ} ⊆ {p} ∪

{free variables in φ}, so ā(p/d) and b̄(p/d) coincide in every free variable of ψ and by

the induction hypothesis we conclude thatM |= ψ[ā(p/d)] if and only ifM |= ψ[b̄(p/d)],

implying that M |= φ[ā] if and only if M |= φ[b̄]. In the case where φ is ∀vpψ, the proof is

analogous.

As sentences, by definition, do not have any free variables, we immediately conclude the

following:

Corollary 1.1.18. LetL be a first-order language,M anL-structure and φ anL-sentence.

Then exactly one of the following is true:
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1. M |= φ[ā] for every ā ∈ Mω;

2. M 6|= φ[ā] for every ā ∈ Mω;

In the first case, we use the notation M |= φ and in the second case we use M 6|= φ.

Proposition 1.1.17 also justifies the following notation: If φ is an L-formula with free vari-

ables from v1, . . . , vn, thenwewrite φ(v1, . . . , vn). Given anL-structureM and a1, . . . , an ∈

M, we write M |= φ[a1, . . . , an] to denote M |= φ[b̄], for any b̄ ∈ Mω such that bi = ai,

for i ≤ n.

1.1.3 Normal Forms

This subsection is more technical in nature compared to the previous ones. When proving

statements about first-order formulas, it is often useful to put them into ”standardized”

forms, known as normal forms. Later, as we use normal forms to prove more statements

about first-order structures and formulas, the usefulness of normal forms will become

apparent.

The first important thing we need to define is what means for two formulas over the same

language to be equivalent.

Definition 1.1.19. We say that two L-formulas φ(v1, . . . , vn) and ψ(v1, . . . , vn) are equiv-

alent, if for all L-structures M and for all ā ∈ Mn we have that M |= φ[ā] if and only

if M |= ψ[ā]. This is equivalent to saying that for every L-structure M, we have that

M |= ∀v̄(φ(v̄) ↔ ψ(v̄)).

Note that being equivalent is an equivalence relation in the set of all L-formulas. Some

important examples of this include:

Example 1.1.20.

• ¬¬φ is equivalent to φ;

• φ ∨ ψ is equivalent to ¬(¬φ ∧ ¬ψ);

• φ → ψ is equivalent to ¬φ ∨ ψ;

• φ ↔ ψ is equivalent to (φ ∧ ψ) ∨ (¬φ ∧ ¬ψ);

• ∀xφ is equivalent to ¬∃x¬φ.
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Note that, in particular, any formula is equivalent to one that just uses the logical symbols

¬,∧ and ∃. This means that when doing induction over the complexity of a formula, after

checking that the claim is true for atomic formulas, we just need to check the case where

the formula is ¬ψ, ψ ∧ χ and ∃xψ.

Additionally, the next set of examples of equivalences of formulas are also very important

and sometimes used implicitly.

Example 1.1.21.

• φ ∧ ∃xψ is equivalent to ∃x(φ ∧ ψ) if x does not occur free in φ;

• ∃x(φ ∨ ψ) is equivalent to ∃xφ ∨ ∃xψ;

• ∃xφ is equivalent to φ if x does not occur free in φ

We say that a formula is a literal if it is either an atomic formula or the negation of an atomic

formula, and we say that a formula is quantifier-free if it does not have any quantifiers.

Definition 1.1.22.

1. A quantifier-free formula φ is in conjunctive normal form (CNF) if it is the conjunction

of one or more disjunctions of one or more literals.

2. A quantifier-free formula φ is in disjunctive normal form (DNF) if it is the disjunction

of one or more conjunctions of one or more literals.

Example 1.1.23. Let φ1, φ2, φ3 be atomic formulas.

• The following are examples of formulas in CNF:

φ1,¬φ1, φ1 ∨ φ2, (¬φ1 ∨ φ2) ∧ (¬φ3), (¬φ1 ∨ ¬φ2) ∧ (¬φ1 ∨ φ2 ∨ φ3)

• The following are examples of formulas in DNF:

φ1,¬φ1, φ1 ∧ φ2, (¬φ1 ∧ φ2) ∨ (¬φ3), (¬φ1 ∧ ¬φ2) ∨ (¬φ1 ∧ φ2 ∧ φ3)

The following is easily proved by induction on formulas:

Proposition 1.1.24. Any quantifier-free formula is equivalent to one in CNF and one in

DNF.

Another important form that formulas can take is the prenex normal form.
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Definition 1.1.25. Let φ be a formula. We say that φ is in prenex normal form if it is

Qixi . . . Qnxnψ

where Qi ∈ {∀, ∃} and ψ is a quantifier-free formula.

Again, by induction on the complexity of formulas, the following is easy to prove.

Proposition 1.1.26. Any formula is equivalent to one in prenex normal form.

1.1.4 Elementary Equivalence

We have already defined what it means for two structures to be isomorphic. Intuitively,

two structures being isomorphic means that they are basically the same structure, only

with different ”labels” for its elements. Two structures being isomorphic is a very strong

statement, which is why in the context of first-order logic, it is often useful to consider a

weaker version of this, namely that of elementary equivalence.

Definition 1.1.27. Let M and N be two L-structures. Then we say that M and N are

elementary equivalent, denoted by N ≡ M if, for every L-sentence φ, we have

M |= φ ⇔ N |= φ

Do note that ≡ is an equivalence relation of L-structures.

Proposition 1.1.28. Let M and N be two L-structures. If M ' N , then M ≡ N .

Proof. Let f : M → N be an isomorphism. We will actually show something stronger

than M ≡ N , namely that for any L-formula φ with free variables from v1, . . . , vn, and for

all (a1, . . . , an) ∈ Mn we have

M |= φ[a1, . . . , an] ⇔ N |= φ[ f (a1), . . . , f (an)]

Let t be an L-term with variables from v1, . . . , vn, let ā = (a1, . . . , an) ∈ Mn and let

f (ā) = ( f (a1), . . . , f (an)) ∈ Nn. We will start by proving that f (tM(ā)) = tN ( f (ā))

using induction.

1) If t = vp, then f (tM(ā)) = f (ap) = tN ( f (ā));
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2) If t = c, then

f (tM(ā)) = f (cM)

= cN ( f is an isomorphism)

= tN ( f (ā))

3) If t = g(t1, . . . , tm), then

f (tM(ā)) = f (gM(tM1 (ā), . . . , tMm (ā)))

= gN ( f (tM1 (ā)), . . . , f (tMm (ā))))

= gN (tN1 ( f (ā)), . . . , tNm ( f (ā)))) (Induction Hypothesis)

= tN ( f (ā))

Now, we will use induction on formulas to prove the rest of the proposition. Let φ be an

L-formula.

1) If φ is t1 = t2, then

M |= φ[ā] ⇔ tM1 (ā) = tM2 (ā)

⇔ f (tM1 (ā)) = f (tM2 (ā)) ( f is bijective)

⇔ tN1 ( f (ā)) = tN2 ( f (ā))

⇔ N |= φ[ f (ā)]

2) If φ is R(t1, . . . , tm), then

M |= φ[ā] ⇔ (tM1 (ā), . . . , tMm (ā)) ∈ RM

⇔ ( f (tM1 (ā)), . . . , f (tMm (ā))) ∈ RN ( f is an embedding)

⇔ (tN1 ( f (ā)), . . . , tNm ( f (ā))) ∈ RN

⇔ N |= φ[ f (ā)]

3) If φ is ¬ψ, for some ψ, then

M |= φ[ā] ⇔ M 6|= ψ[ā]

⇔ N 6|= ψ[ f (ā)] (Induction Hypothesis)

⇔ N |= φ[ f (ā)]
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4) If φ is ψ ∧ χ, for some ψ and χ, then

M |= φ[ā] ⇔ M |= ψ[ā] and M |= χ[ā]

⇔ N |= ψ[ f (ā)] and N |= χ[ f (ā)] (Induction Hypothesis)

⇔ N |= φ[ f (ā)]

5) If φ is ∃wψ(v1, . . . , vn, w), for some ψ, then

M |= φ[ā] ⇔ M |= ψ[ā, b0] for some b0

⇒ N |= ψ[ f (ā), f (b0)] for some b0 (Induction Hypothesis)

⇒ N |= φ[ f (ā)]

On the other hand,

N |= φ[ f (ā)] ⇔ N |= ψ[ f (ā), b0] for some b0

⇒ N |= ψ[ f (ā), f (c0)] for some c0 ( f is surjective)

⇒ M |= ψ[ā, c0] for some c0 (Induction Hypothesis)

⇒ M |= φ[ā]

Despite the fact that isomorphic structures are elementary equivalent, the converse is

not true in general. This is mostly due to the fact that first-order logic is not capable of

describing and differentiating between different infinite cardinalities.

For example, as we will see later, any two dense linear ordered sets without endpoints

are elementary equivalent. So for instance, in the language with just one binary relational

symbol <, the structures (Q,<) and (R,<), with < being interpreted as the usual or-

dering, are elementary equivalent, however, they are not isomorphic as no bijective map

from Q to R exists.

Another example are algebraically closed fields. As we will see later, any two algebraically

closed fields with the same characteristic are elementary equivalent in the language of

rings Lr, however, there are algebraically closed fields with the same characteristic but

with different cardinalities.

Note however that any two finite elementary equivalent structures are isomorphic (see

Proposition 2.1.1 of [13]).
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1.1.5 Theories

As I said earlier, theories are a core concept in model theory. At the time, I informally

defined a theory as a collection of ”properties” or ”axioms”, and intuitively, this is exactly

what a theory is. The formal definition is the following:

Definition 1.1.29. Let L be a first-order language. A first-order L-theory or simply an L-

theory T is simply a set of L-sentences. Given an L-structureM, we say thatM satisfies

or models T, denoted by M |= T if M |= φ, for all φ ∈ T.

We say that an L-theory is satisfiable if there exists an L-structure that models it.

Example 1.1.30.

• In the language of groups Lg from example 1.1.7, the set

T = {∀x(x · e = x ∧ e · x = x),

∀x(x · x−1 = e ∧ x−1 · x = e),

∀x∀y∀z[(x · y) · z = x · (y · z)]}

is the first-order theory of groups. Given an Lg-structure G, then G |= T if and only

if G is a group. If we were to add ∀x∀y(x · y = y · x) we would have the theory of

abelian groups.

• In the language of graphs L = {R}, where R is a binary relation, the set

T = {∀x¬R(x, x),

∀x∀y(R(x, y) → R(y, x))}

is the first-order theory of simple graphs.

• In the language of rings Lr from example 1.1.7, the set

T = {Axioms of additive commutative groups,

∀x∀y∀z(x − y = z ↔ x = z + y),

∀x(x · 1 = x ∧ 1 · x = x),

∀x∀y∀z[(x · y) · z = x · (y · z)],

∀x∀y∀z(x · (y + z) = x · y + x · z),

∀x∀y∀z((y + z) · x = y · x + z · x)}
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is the first-order theory of unitary rings, i.e. an Lr-structure R models T if and only if

R is a unitary ring. Note that the second axiom of T is necessary because we chose

to include − in the language, so we use this axiom to control how any interpretation

of − should behave.

• In the language of rings Lr, if we add to T the axioms ∀x(x 6= 0 → ∃y(x · y = 1))

and ∀x∀y(x · y = y · x), we get the first-order theory of fields.

• Now I will introduce an example that is very useful in many applications of model

theory to ring/field theory. We are working with the language of rings Lr, and for

any n ∈ N, consider the sentence φn given by

∀a0 . . . ∀an−1∃x

(
xn +

n−1

∑
i=1

aixi = 0

)

Then for any field F, we have that F |= φn if and only if every polynomial with coef-

ficients in F and degree n has a root.

We define ACF = Theory of fields∪ {φn : n ∈ N}, so that F |= ACF if and only if F

is an algebraically closed field.

Now, for any prime number p, let ψp be the sentence ∀x(x + . . . + x︸ ︷︷ ︸
p

= 0) and let

ACFp = ACF ∪ {ψp}. Then F |= ACFp if and only if F is an algebraically closed

field with characteristic p.

Finally, let ACF0 = ACF ∪ {¬ψp : p ∈ N}. Then F |= ACF0 if and only if F is an

algebraically closed field with characteristic 0.

Given a structure M, there is a very natural theory we can build, namely the theory of all

sentences that are true in M.

Definition 1.1.31. Given an L-structure M, we define the full theory of M, denoted as

Th(M) as the theory consisting of all L-sentences that are true in M, i.e.

Th(M) = {φ : φ is an L-sentence and M |= φ}

This theory has some very important properties, and we will mention it throughout the rest

of this work. One interesting property, for example, is the following:

Proposition 1.1.32. LetM be an L-structure. Then, for any L-structureN , we have that

M ≡ N if and only if Th(M) = Th(N ). Furthermore,M ≡ N if and only ifN |= Th(M).
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Proof. The equivalence between M ≡ N and Th(M) = Th(N ) is immediate from the

definition.

For the second part, start by noting that if M ≡ N , then N |= Th(N ) = Th(M). Con-

versely, assume that N |= Th(M). Then, for any sentence φ such thatM |= φ, we have

that N |= φ. Now assume that N |= φ but M 6|= φ. Then, we would have that M |= ¬φ

however, this would imply that N |= ¬φ, which is a contradiction. Thus M |= φ.

Note that, in particular, this proposition implies that if N ,K |= Th(M), then N ≡ K, as

N ≡ M ≡ K.

Theories with this property, i.e. such that M,N |= T implies that M ≡ N play a crucial

role in model theory, and are known as complete theories.

Definition 1.1.33. We say that a satisfiable theory T is complete if any two models of T

are elementary equivalent.

For example, it is possible to prove that the theory of dense linear orders without end-

points, and the theory of algebraically closed fields of a given characteristic are complete,

the latter due to Tarski.

We will discuss complete theories later once we have developed some more model-

theoretic tools that allow us to prove some significant results about them.

Definition 1.1.34. Let T be an L-theory and φ an L-sentence. We say that φ is a logical

consequence of T, denoted by T |= φ, if for any L-structure M, M |= T implies that

M |= φ. If Σ is a set of L-sentences, we write T |= Σ to denote that T |= φ, for all φ ∈ Σ.

Some examples of this include:

Example 1.1.35. If T is the theory of groups from example 1.1.30, then

T |= ∀x∀y((x · y = e ∧ y · x = e) → y = x−1)

or for example:

T |= ∀x(x · x = x → x = e)

I will end this chapter by introducing some common notations that we will use in the rest

of this work.
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Given a formula φ(w, v̄) and n ∈ N, let ∃nxφ(x, v̄) denote the formula:

∃x1 . . . ∃xn

∧
i 6=j

¬(xi = xj) ∧
n∧

i=1

φ(xi, v̄) ∧ ∀y

φ(y, v̄) →
n∨

i=1

(y = xi)




This means thatM |= ∃nxφ(x, v̄)[ā] if and only if there are exactly n elements x1, . . . , xn ∈

M such that M |= φ(w, v̄)[xi, ā].

For any n ∈ N, let ∃<nxφ(x, v̄) denote the formula

n−1∨
k=1

∃kxφ(x, v̄)

Let ∃≤nxφ(x, v̄) denote ∃<nxφ(x, v̄) ∨ ∃nxφ(x, v̄). Similarly, let ∃≥nxφ(x, v̄) denote the

formula:

∃x1 . . . ∃xn

n∧
i=1

φ(xi, v̄)

and ∃>nxφ(x, v̄) denote ∃≥n+1xφ(x, v̄).

If τ(v1, . . . , vn) is a term, given terms t1, . . . , tn, let τ(t1, . . . , tn) be the term obtained from

τ by substituting every occurrence of vi by ti, for all i. Note that

τ(t1, . . . , tn)
M(ā) = τM(tM1 (ā), . . . , tMn (ā))

If φ(v1, . . . , vn) is a formula and t1, . . . , tn are terms, let φ(t1, . . . , tn) be the formula obtained

from φ by substituting every free occurrence of vi by ti, for all i. In particular, if ti = ci, for

some constant symbols ci, then φ(c1, . . . , cn) is the sentence obtained from substituting

every free occurrence of vi by ci, for all i. Note that:

M |= φ(t1, . . . , tn)[ā] ⇔ M |= φ[tM1 (ā), . . . , tMn (ā)]

1.2. Definable and Algebraic Closure

I will now briefly introduce and discuss the concept of a definable set, which we will use

extensively in the next chapter when dealing with o-minimality, so much so that even the

definition of o-minimality requires the knowledge of what a definable set is. Intuitively,

a definable set is a set that can be defined by an equation or a property in a first-order

language L.

Definition 1.2.1. Let M = (M, . . .) be an L-structure, A ⊆ M and X ⊆ Mn. We say that

X is A-definable , or simply definable if there exists an L-formula φ(v1, . . . , vn, w1, . . . , wk)
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and ā ∈ Ak such that

X = {x̄ ∈ Mn : M |= φ[x̄, ā]}

It is common to denote the definable set X by φ(M, ā), or simply X = φ(M) if A = ∅.

If X is ∅-definable, we usually say that X is definable without parameters.

As a specific instance of 1.2.1, we say that an element x ∈ Mn is definable if {x} is de-

finable. We say that a function f : Mn → Mk is definable if its graph Γ( f ) = {(x̄, f (x̄)) ∈

Mn+k : x̄ ∈ Mn} is definable, and we say that an n-ary relation R in M is definable if it is

definable as a subset R of Mn.

Example 1.2.2.

• Consider the structure R = (R,<, 0). The set of non-negative real numbers is ∅-

definable by the formula φ(x) given by 0 < x ∨ x = 0. However, if we consider

the same structure, but this time without any constant symbols: R = (R,<), the

set of non-negative real numbers would no longer be ∅-definable, but it would be

0-definable as we can use the parameter 0 to define it;

• Now, consider the structure R = (R,+, ·, 0, 1) and the formula φ(x, y) given by:

∃z(z 6= 0 ∧ y = x + z2)

Then, for any a, b ∈ R, we have that a < b if and only if R |= φ[a, b], meaning that

the order < is ∅-definable.

The following result can be very useful to show that sets are not definable:

Proposition 1.2.3. LetM be an L-structure and let X ⊆ Mn be an A-definable set. Then

any L-automorphism of M that fixes A pointwise, fixes X setwise.

Proof. Let φ(v̄, w̄) and ā ∈ Ak such that X = {x̄ ∈ Mn : M |= φ[x̄, ā]} and let f : M → M

be an isomorphism.

By what we saw in the proof of Proposition 1.1.28:

M |= φ[x̄, ā] ⇔ M |= φ[ f (x̄), f (ā)] ⇔ M |= φ[ f (x̄), ā]

so x̄ ∈ X if and only if f (x̄) ∈ X which implies that f (X) = X.
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As a particular case of this, if x ∈ M is A-definable, then any automorphism of M that

fixes A (and if A is empty, any isomorphism of M) fixes x.

An example of the utility of Proposition 1.2.3, is the following:

Corollary 1.2.4. In the language of rings, R is not definable in C.

The proof of this uses results from field theory that are outside of the scope of this work.

The proof can be found in [5] as Corollary 1.3.6.

In field theory, an element of a field is said to be algebraic over a set A if it is the root

of some polynomial with coefficients from A. Note, however, that an algebraic number

is not necessarily the only root of such a polynomial. Now, for an element of that field

to be definable over A, we would need to find a formula whose only ”solution” would

be that number. This is very strict when compared with the notion of algebraic number,

whose defining formula may have a finite number of different solutions. This prompts the

following definition:

Definition 1.2.5. LetM be an L-structure, A ⊆ M and x ∈ M. We say that x is algebraic

over A if there exists ā ∈ Ak and a L-formula φ(v, w̄) such that:

• M |= φ[x, ā];

• The set {y ∈ M : M |= φ[y, ā]} is finite.

This is equivalent to saying that there exists a formula φ(v, w̄) and ā ∈ A such that M |=

(φ(v, w̄) ∧ ∃nzφ(z, w̄))[x, ā], for some n ∈ N.

The notion of definable and algebraic sets gives rise to the following two closure operators:

Definition 1.2.6. Let M be a structure and A ⊆ M. The definable closure of A, denoted

by dcl(A) is the set of all A-definable elements of M. The algebraic closure of A, denoted

by acl(A) is the set of all elements of M algebraic over A

These two operators have the following basic properties:

Proposition 1.2.7. Let M be a structure and A ⊆ M. Then:

1. dcl(A) ⊆ acl(A);

2. If B ⊆ A, then dcl(B) ⊆ dcl(A) and acl(B) ⊆ acl(A);
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3. The operators dcl and acl are idempotent;

Proof. 1) If x ∈ dcl(A) then there exists a formula φ(v, w̄) and ā ∈ Ak such that {x} =

{y ∈ M : M |= φ[y, ā]}, so that x ∈ acl(A).

2) Let {x} is B-definable and B ⊆ A. Any parameter from B is a parameter from A, so

{x} is A-definable. The proof that acl(B) ⊆ acl(A) is analogous.

3) It is clear that A ⊆ dcl(A), so by (2), dcl(A) ⊆ dcl(dcl(A)). Now, let x ∈ dcl(dcl(A)).

This means that there exists a formula φ(v, w̄) and a1, . . . , an ∈ dcl(A) such that M |=

φ[y, a1, . . . , an] if and only if y = x. Now, because for each i ∈ {1, . . . , n} we have ai ∈

dcl(A), there exists a formula ψi(v, w̄) and b1
i , . . . , bk

i ∈ A such that M |= ψi[y, b1
i , . . . , bk

i ]

if and only if y = ai. We will assume that for all i we use k parameters from A to define

ai for simplicity, but in reality, each ai could take a different number of parameters from

A, however, this does not invalidate the proof. Consider now the formula θ(v, w̄1, . . . , w̄n)

given by:

∃v1 . . . ∃vn

 n∧
i=1

ψi(vi, w̄i) ∧ φ(v, v1, . . . , vn)


Then, {x} = {y ∈ M : M |= θ(y, b1

1, . . . , bk
1, . . . , b1

n, . . . , bk
n)}, proving that x ∈ dcl(A).

Similarly, we have A ⊆ acl(A) and thus acl(A) ⊆ acl(acl(A)).

Let x ∈ acl(acl(A)). There exists φ(v, w̄), n ∈ N and a1, . . . , ak ∈ acl(A) such that:

M |= (φ(v, w̄) ∧ ∃nzφ(z, w̄))[x, ā]. For each ai ∈ acl(A), there exists ψi(v, w̄), ni ∈ N

and b̄i = (b1
i , . . . , bj

i) ∈ Aj such that M |= (ψi(v, w̄) ∧ ∃ni zψi(z, w̄))[ai, b̄i]. Now, consider

the formula θ(v, w̄1, . . . , w̄n) given by:

∃v1 . . . ∃vk

 k∧
i=1

ψi(vi, w̄i) ∧ φ(v, v1, . . . , vk) ∧ ∃nzφ(z, v1, . . . , vk)


Then M |= (θ(v, w̄1, . . . , w̄n) ∧ ∃pzθ(z, w̄1, . . . , w̄n))[x, b̄1, . . . , b̄k], for some p ∈ N, be-

cause it has at most n · n1 · . . . · nk solutions, meaning that x ∈ acl(A)

1.3. The Compactness Theorem

The compactness theorem is the cornerstone of model theory, so much so that we will

regularly use it explicitly or implicitly throughout the rest of this work. There are a few

known ways of proving the compactness theorem, each with its own set of advantages

and disadvantages, and each different approach reveals a different perspective about the
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deep nature of this theorem and how it relates to other concepts in logic and mathematics.

The one I choose to follow is due to Leon Henkin and it is known as Henkin’s Construction.

1.3.1 Henkin Construction

The goal of this subsection is to prove the compactness theorem, which states the follow-

ing:

Theorem 1.3.1 (The compactness theorem). A theory T is satisfiable if and only if every

finite subset of T is satisfiable.

Proving one of these implications is trivial, namely: if T is an L-theory, and there exists

an L-structure M such that M |= T, then for any finite subset ∆ ⊆ T, we have M |= ∆.

The purpose of the rest of this section is to prove that, if for every finite subset ∆ ⊆ T

there exists M∆ such that M∆ |= ∆, then there exists a structure that satisfies all of T.

We say that T is finitely satisfiable if every finite subset of T is satisfiable. Our goal is then

to start with a finitely satisfiable theory T and construct a model for T.

We begin with the following definitions:

Definition 1.3.2. We say that a theory T is maximal if for all sentences φ, either φ ∈ T or

¬φ ∈ T.

Definition 1.3.3. We say that a theory T has the witness property if for every formula

φ(v) there exists a constant symbol c such that (∃vφ(v)) → φ(c) ∈ T.

Our plan for proving the compactness theorem will roughly be the following:

1. Start with a finitely satisfiable theory T;

2. Prove that any finitely satisfiable, maximal theory with the witness property is satis-

fiable;

3. Extend T to a finitely satisfiable, maximal theory with the witness property;

4. From this, conclude that T is satisfiable.

We start by proving that following technical lemma.

Lemma 1.3.4. Let T be a finitely satisfiable L-theory and φ an L-sentence. Then either

T ∪ {φ} or T ∪ {¬φ} is finitely satisfiable.



FCUP 26

Definable Semigroups in o-Minimal Structures

Proof. Assume that T ∪ {φ} is not finitely satisfiable. Then there exists a finite subset

Γ ⊆ T such that Γ ∪ {φ} has no models. Let ∆ ⊆ T ∪ {¬φ} be any finite subset. If

¬φ 6∈ ∆, then ∆ has a model as T is finitely satisfiable. If ¬φ ∈ ∆, write ∆ = ∆′ ∪ {¬φ},

for some finite ∆′ ⊆ T. ∆′ ∪ Γ is a finite subset of T and as such, there exists M that

models ∆′ ∪ Γ. If M |= φ, then it would be a model of Γ ∪ {φ}, so M |= ¬φ, and in

particular, M |= ∆′ ∪ {¬φ} = ∆.

Using the same argument and the fact that ¬¬φ is equivalent to φ, we get that if T ∪ {¬φ}

is not finitely satisfiable, then T ∪ {φ} is.

This lemma together with Zorn’s lemma allows us to prove the following:

Corollary 1.3.5. If T is a finitely satisfiable L-theory, then there is a maximal finitely sat-

isfiable L-theory T′ such that T ⊆ T′.

Proof. Consider the set

Γ = {T∗ : T ⊆ T∗ and T∗ is finitely satisfiable}

Let C be a chain in Γ with respect to inclusion, let T0 =
⋃

K∈C K and let ∆ ⊆ T0 be finite.

Then ∆ ⊆ K, for some K ∈ C, and because K is finitely satisfiable, ∆ has amodel, meaning

that T0 is finitely satisfiable. By Zorn’s lemma, Γ has a maximal element T∗ with respect

to inclusion. As T∗ ∈ Γ, we have that T∗ is finitely satisfiable, and T ⊆ T∗, so the only

thing left to verify is that T∗ is maximal. Let φ be any L-sentence. Then, by Lemma 1.3.4,

either T∗ ∪ {φ} or T∗ ∪ {¬φ} is finitely satisfiable. In the first case, as T∗ ⊆ T∗ ∪ {φ}, we

have that φ ∈ T∗, by maximally. If this is not the case, by the same argument, we have

¬φ ∈ T∗.

This next simple lemma will also be very useful in constructing a model for a finitely sat-

isfiable theory T.

Lemma 1.3.6. Let T be a maximal and finitely satisfiable theory. Let φ be a sentence and

∆ ⊆ T be a finite subset. Then, if ∆ |= φ, we have that φ ∈ T.

Proof. Because T is maximal, if φ 6∈ T, then ¬φ ∈ T. So ∆ ∪ {¬φ} is a finite subset of T

and because T is finitely satisfiable, there exists a structureM such thatM |= ∆∪ {¬φ},

which is a contradiction because ∆ |= φ.
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In particular, we have the following corollary.

Corollary 1.3.7. Let T be a maximal, finitely satisfiable theory with the witness property,

and let φ(v) be a formula. If ∃xφ(x) ∈ T, then there exists a constant symbol c such that

φ(c) ∈ T.

Proof. Because T has the witness property, there exists a constant symbol c such that

((∃xφ(x)) → φ(c)) ∈ T. If ∃xφ(x) ∈ T, because

{∃xφ(x), ((∃xφ(x)) → φ(c))} |= φ(c)

by Lemma 1.3.6, we have that φ(c) ∈ T.

The following lemma is the crux of Henkin’s Construction. Although the proof is long

and has lots of little details, after proving this lemma, Henkin’s proof of the compactness

theorem is almost finished.

Lemma 1.3.8 (Henkin’s Lemma). Let T be a maximal, finitely satisfiable L-theory with the

witness property. Then T has a model.

In particular, if L has at most κ constant symbols, for some infinite cardinal κ, then there

exists M |= T such |M| ≤ κ.

Proof. Let C be the set of constant symbols in L, and consider the relation ∼ in C given

by: a ∼ b if and only if (a = b) ∈ T.

We start by verifying that ∼ is an equivalence relation:

1) Let a ∈ C. As ∅ |= a = a, by Lemma 1.3.6, we have a = a ∈ T;

2) Let a, b ∈ C such that a = b ∈ T. As {a = b} |= b = a, by Lemma 1.3.6 we have

(b = a) ∈ T;

3) Let a, b, c ∈ T such that a = b, b = c ∈ T. As {a = b, b = c} |= a = c, by Lemma 1.3.6,

we have (a = c) ∈ T.

Let M = C/ ∼. We will build a model M of T with universe M, and note that, if |C| ≤ κ,

then |M| ≤ κ. If c is a constant symbol, we let cM be the equivalence class of c, which I

will denote by c∗. Now let R be an n-ary relational symbol. We interpret R as follows:

(c∗1 , . . . , c∗n) ∈ RM if and only if R(c1, . . . , cn) ∈ T
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Before we continue, we need to make sure that RM is well-defined, i.e. if R(c1, . . . , cn) ∈ T

and ci ∼ di, then R(d1, . . . , dn) ∈ T. This is true because

{R(c1, . . . , cn), c1 = d1, . . . , cn = dn} |= R(d1, . . . , dn)

and thus by Lemma 1.3.6, we have R(d1, . . . , dn) ∈ T.

Let f be an n-ary functional symbol. We define the interpretation of f in M as:

fM(c∗1 , . . . , c∗n) = d∗ if and only if f (c1, . . . , cn) = d ∈ T

There are a few things we need to verify to ensure that fM is well-defined.

1) Firstly, we need to make sure that for all c1, . . . , cn ∈ C, there exists a constant symbol

d such that f (c1, . . . , cn) = d ∈ T. Consider the formula φ(v) given by f (c1, . . . , cn) = v.

As ∅ |= ∃vφ(v), by Lemma 1.3.6, we have that ∃vφ(v) ∈ T, and by Corollary 1.3.7, there

exists d ∈ C such that φ(d) ∈ T;

2) Now let c1, . . . , cn, d1, . . . , dn ∈ C such that ci ∼ di. Wewish to show that if f (c1, . . . , cn) =

e ∈ T and f (d1, . . . , dn) = k ∈ T, then e∗ = k∗, i.e. e ∼ k. We have that

{c1 = d1, . . . , cn = dn} |= f (c1, . . . , cn) = f (d1, . . . , dn)

so by Lemma 1.3.6, it follows that f (c1, . . . , cn) = f (d1, . . . , dn) ∈ T. Finally, because

{ f (c1, . . . , cn) = f (d1, . . . , dn), f (c1, . . . , cn) = e, f (d1, . . . , dn) = k} |= e = k

by Lemma 1.3.6, we conclude that e = k ∈ T, i.e. e ∼ k.

The last step of the proof is verifying thatM is a model of T. To facilitate the process, we

begin by showing that terms in M are well-behaved, that is: given a term τ(v1, . . . , vn)

and c1, . . . , cn, d ∈ C,

τM(c∗1 , . . . , c∗n) = d∗ if and only if τ(c1, . . . , cn) = d ∈ T

We will use induction on terms:

1) Let τ(v1, . . . , vn) = k for some constant symbol k. If τM(c∗1 , . . . , c∗n) = d∗, then k∗ = d∗,

meaning that k ∼ d and thus k = d ∈ T.

On the other hand, if τ(c1, . . . , cn) = d ∈ T, then k ∼ d and thus τM(c∗1 , . . . , c∗n) = d∗.
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2) Let τ(v1, . . . , vn) = vp. If τM(c∗1 , . . . , c∗n) = d∗, i.e. c∗p = d∗, then cp = d ∈ T, meaning

that τ(c1, . . . , cn) = d ∈ T.

On the other hand if τ(c1, . . . , cn) = d ∈ T, i.e. cp = d ∈ T, then c∗i = d∗, meaning that

τM(c∗1 , . . . , c∗n) = d∗.

3) Let τ = f (t1(v1, . . . , vn), . . . , tk(v1, . . . , vn)), for some functional symbol f and terms

t1, . . . , tk. Assume that τM(c∗1 , . . . , c∗n) = d∗, i.e.:

fM(tM1 (c∗1 , . . . , c∗n), . . . , tMk (c∗1 , . . . , c∗n)) = d∗

For each i = 1, . . . , k, let ei ∈ C be a representative of the equivalence class tMi (c∗1 , . . . , c∗n).

Then, we have

fM(e∗1 , . . . , e∗k ) = d∗

By the definition of the interpretation of functional symbols in M, we can conclude that

f (e1, . . . , ek) = d ∈ T. We also have that tMi (c∗1 , . . . , c∗n) = e∗i , so by the induction hypoth-

esis, ti(c1, . . . , cn) = ei ∈ T, for all i = 1, . . . , k. Additionally, because

{ f (e1, ..., ek) = d} ∪ {ti(c1, ..., cn) = ei : i = 1, ..., k} |= f (t1(c1, ..., cn), ..., tk(c1, ..., cn)) = d

by Lemma 1.3.6 we conclude that f (t1(c1, . . . , cn), . . . , tk(c1, . . . , cn)) = d ∈ T.

On the other hand, assume now

f (t1(c1, . . . , cn), . . . , tk(c1, . . . , cn)) = d ∈ T

For each i = 1, . . . , k, consider the formula φi(v) given by ti(c1, . . . , cn) = v. As ∅ |=

∃xφi(x), by Lemma 1.3.6, we have ∃xφi(x) ∈ T, and by Corollary 1.3.7, for all i = 1, . . . , k,

there exists ei ∈ C such that φ(ei) ∈ T, i.e. ti(c1, . . . , cn) = ei ∈ T. By the induction

hypothesis, tMi (c∗1 , . . . , c∗n) = e∗i . Because

{ f (t1(c1, ..., cn), ..., tk(c1, ..., cn)) = d} ∪ {ti(c1, ..., cn) = ei, i = 1, ..., k} |= f (e1, ..., ek) = d

by Lemma 1.3.6, we have that f (e1, . . . , ek) = d. By the definition of fM, we have that

fM(e∗1 , . . . , e∗k ) = d∗ and thus fM(tM1 (c∗1 , . . . , c∗n), . . . , tMk (c∗1 , . . . , c∗n)) = d∗.

Now We will prove that given a formula φ(v1, . . . , vn) and c1, . . . , cn ∈ C, then M |=

φ[c∗1 , . . . , c∗n] if and only if φ(c1, . . . , cn) ∈ T. We use induction on formulas:
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1) If φ is t1 = t2. By Lemma 1.3.6 and Corollary 1.3.7, we can find d1, d2 ∈ C such that

t1(c̄) = d1, t2(c̄) = d2 ∈ T, and thus tM1 (c̄∗) = d∗1 and tM2 (c̄∗) = d∗2. Then

M |= (t1 = t2)[c̄∗] ⇔ tM1 (c̄∗) = tM2 (c̄∗)

⇔ d∗1 = d∗2

⇔ d1 = d2 ∈ T

⇔ t1(c̄) = t2(c̄) ∈ T (Lemma 1.3.6)

2) If φ is R(t1, . . . , tk). By the same argument we did in the previous case, there exists

d1, . . . , dk ∈ C such that ti(c̄) = di ∈ T and tMi (c̄∗) = d∗i . So

M |= φ[c̄∗] ⇔ (tM1 (c̄∗), . . . , tMk (c̄∗)) ∈ RM

⇔ (d∗1 , . . . , d∗k ) ∈ RM

⇔ R(d1, . . . , dk) ∈ T (Definition of RM)

⇔ R(t1(c̄), . . . , tk(c̄)) ∈ T (Lemma 1.3.6)

3) If φ is ¬ψ(v̄), for some ψ, then:

M |= φ[c̄∗] ⇔ M 6|= ψ[c̄∗]

⇔ ψ(c̄) 6∈ T (Induction Hypothesis)

⇔ ¬ψ(c̄) ∈ T (T is complete)

⇔ φ(c̄) ∈ T

4) If φ is ψ ∧ χ, then the proof can be done similarly to (3) just by using the induction

hypothesis.

5) If φ is ∃xψ(x, v1, . . . , vn). Then

M |= φ[c̄∗] ⇔ M |= ψ[d∗, c̄∗] (for some d ∈ C)

⇔ ψ(d, c̄) ∈ T (for some d ∈ C)

⇔ ∃xψ(x, c̄) ∈ T ({ψ(d, c̄)} |= ∃xψ(x, c̄) and Lemma 1.3.6)

This concludes the induction. In particular, for any sentence φ, we have shown thatM |=

φ if and only if φ ∈ T, so M |= T.
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Henkin’s Lemma asserts that any maximal finitely satisfiable theory with the witness prop-

erty is satisfiable. With this result, the only thing left to prove is that we can extend any

finitely satisfiable theory to a maximal one with the witness property.

Lemma 1.3.9 (Lindenbaum’s Lemma). Let T be a finitely satisfiable L-theory. Then there

is a language L∗ ⊇ L and an L∗-theory T∗ ⊇ T such that T∗ is finitely satisfiable, and

any L∗-theory extending T∗ has the witness property. Moreover, we can choose L∗ such

that |L∗| = |L|+ ℵ0.

Proof. The idea of the proof is to gradually expand the language L = L0 ⊆ L1 ⊆ . . . and

the theory T = T0 ⊆ T1 ⊆ . . . so that for all i ∈ N, Ti is an Li-theory, and when building

Ti+1 from Ti, we add all potential witnesses we could be missing.

We begin with L0 = L and T0 = T. Now, let us assume that we already built Li and Ti.

For each Li-formula φ(x), let cφ be a new constant symbol and let

Li+1 = Li ∪ {cφ : φ(x) is an Li-formula}

Now, let

Ti+1 = Ti ∪ {(∃xφ(x)) → φ(cφ) : φ(x) is an Li-formula}

We start by showing that each Ti is finitely satisfiable using induction. T0 = T is finitely

satisfiable by definition. Let Ti be finitely satisfiable and let ∆ ⊆ Ti+1 be a finite sub-

set. To simplify the notation, let χφ denote the sentence (∃xφ(x)) → φ(cφ). So ∆ =

∆′ ∪ {χφ1 , . . . , χφn}, for some ∆′ ⊆ Ti and φ1, . . . , φn Li-formulas. As Ti is finitely satisfi-

able, there exists an Li-structure M such that M |= ∆′. The idea now is to find a way

to correctly interpret the constant symbols cφ1 , . . . , cφk in order to turn M into an Li+1-

structure that models ∆ (note that the interpretation of the other constant symbols that do

not appear in ∆ do not matter as they do not change whether M models ∆ or not). For

any k = 1, . . . , n, if M |= ∃xφk(x), let mk ∈ M be an element such that M |= φk[mk], and

define cMφk
= mk. If M 6|= ∃xφk(x), let cMφk

be any arbitrary element of M. As to all the

other constant symbols in Li+1 other than cφ1 , . . . , cφk , we may choose them arbitrarily. So

now, we have that M is an Li+1-structure such that for all k = 1, . . . , n, M |= χφk , and

thus M |= ∆.

Let L∗ =
⋃

n∈ω Ln and T∗ =
⋃

n∈ω Tn. For any finite subset ∆ ⊆ T∗, there exists an i ∈ N

such that ∆ ⊆ Ti, and because Ti is finitely satisfiable, ∆ has a model. Note also that by

construction, T∗ has the witness property.
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Let Σ ⊇ T∗ be any L∗-theory extending T∗. Let φ(v) be an L∗-formula. Because φ(v)

is finite, it only uses finitely many constant symbols from L∗, meaning that it exists an

k ∈ N such that φ(v) is actually an Lk-formula. This means that (∃xφ(x)) → φ(cφ) is an

element of Tk+1 ⊆ T∗ ⊆ Σ. Thus Σ has the witness property.

As for the cardinality of L∗, we first claim that for each i ∈ N>0, |Li| = |L|+ ℵ0. For each

i, the cardinality of the set of Li-sentences is |Li|+ ℵ0 , thus |Li+1| = |Li|+ |Li|+ ℵ0 =

|Li|+ℵ0. As |L1| = |L|+ℵ0, we conclude that |Li| = |L|+ℵ0 for all i. As L∗ =
⋃

n∈ω Ln,

we have that |L∗| = ℵ0(|L|+ ℵ0) = |L|+ ℵ0.

With all of this, we can finally prove the compactness theorem, and in fact, by Henkin’s

Lemma, we can additionally, to some degree control the cardinality of the model.

Theorem 1.3.10. Let T be a finitely satisfiable L-theory, and κ be an infinite cardinal such

that |L| ≤ κ. Then T has a model with cardinality at most κ.

Proof. By Lemma 1.3.9, there exists a language L∗ ⊇ L and T∗ ⊇ T such that T∗ is

finitely satisfiable and any expansion of T∗ has the witness property. By Corollary 1.3.5,

there exists a maximal finitely satisfiable L∗-theory T′ such that T∗ ⊆ T′, and as such, T′

has the witness property. Because T′ is maximal, finitely satisfiable and has the witness

property, we can apply Lemma 1.3.8 to build an L∗-structure M that models T′, and in

particular, as T ⊆ T′, we conclude that M |= T. Ignoring all additional constants from

L∗ that are not already in L, we get an L-structure that models T. Note also that the

construction we did in Lemma 1.3.8, guarantees that |M| ≤ κ.

In particular, ifL is countable and T is a finitely satisfiableL-theory, then T has a countable

model.

1.3.2 Examples

Before continuing to the next section, We will explore some basic examples of direct

applications of the compactness theorem.

Corollary 1.3.11. Let T be a theory that has arbitrarily large finite models, then T has an

infinite model.
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Proof. For each n ∈ N, let φn be the sentence

∃x1 . . . ∃xn
∧
i 6=j

xi 6= xj

ThenM |= φn if and only ifM has at least n elements. Now, consider the theory T ∪{φn :

n ∈ N}. Let ∆ ⊆ T ∪ {φn : n ∈ N} be finite, and let k ∈ N be the greatest natural

number such that φk ∈ ∆. As T has arbitrarily large finite models, there exists M′ |= T

such that M′ has more than k elements, meaning that M′ |= ∆. By the compactness

theorem, there exists M that models T ∪ {φn : n ∈ N}, meaning that M |= T and M is

infinite.

Corollary 1.3.12. Consider the language L = {·,+,<, 0, 1}. Then there exists an L-

structure elementarily equivalent to the natural numbers that has an element greater than

every natural number.

Proof. Consider the new language L∗ = L∪ {c}. For each n ∈ N, let φn be the sentence

1 + 1 + . . . + 1︸ ︷︷ ︸
n

< c, and in particular, M |= φk if and only if cM > k. Consider now the

theory

Th(N) ∪ {φn : n ∈ N}

Let ∆ ⊆ Th(N) ∪ {φn : n ∈ N} be finite, and let k be the greatest natural number such

that φk ∈ ∆. Then, by interpreting the new constant symbol c in N as the number k+ 1, we

have that N |= ∆. By compactness, there exists M that models Th(N) ∪ {φn : n ∈ N},

and as such, M is elementarily equivalent to N and the element cM ∈ M is greater than

any natural number, as M |= φn for all n ∈ N.

Finally, we have the following useful lemma:

Lemma 1.3.13. Let T be a theory and φ be a sentence. Then T |= φ if and only if there

exists a finite subset ∆ ⊆ T such that ∆ |= φ.

Proof. If ∆ |= φ, for some finite subset ∆ of T, then trivially we have that T |= φ.

On the other hand, assume that T |= φ and for all finite ∆ ⊆ T we have ∆ 6|= φ. This implies

that T ∪ {¬φ} is satisfiable, because given any finite subset Γ = ∆ ∪ {¬φ} of T ∪ {¬φ}

with ∆ ⊆ T, by our hypothesis, we have that ∆ 6|= φ and therefore, there exists M |= ∆

such thatM 6|= φ. By the compactness theorem, there exists a model of T ∪ {¬φ}, which

contradicts the fact that T |= φ.
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This has very interesting implications, for example, it allows us to give a short proof that in

the language L = ∅, there is no first-order sentence φ such that M |= φ if and only if M

is infinite. Assume that such formula φ exists. For each natural number n, let φn be the

formula we used in the proof of Corollary 1.3.11. Then {φn : n ∈ N} |= φ. But that would

imply that there is a finite subset ∆ ⊆ {φn : n ∈ N} such that ∆ |= φ, which is obviously

false.

1.4. Löwenheim–Skolem Theorem

Another central result in model theory is the Löwenheim–Skolem Theorem, which is often

divided into two theorems: the Downward Löwenheim–Skolem Theorem and the Upward

Löwenheim–Skolem Theorem. As we will see, the proof is nothing more that a clever ap-

plication of the compactness theorem. Nonetheless, the consequences and applications

of the Löwenheim–Skolem Theorem are important enough for it to be considered its own

theorem instead of just a corollary of the compactness theorem.

We begin by defining an important class of maps:

Definition 1.4.1. Let M and N be two L-structures. We say that a map f : M → N is

elementary, if for any L-formula φ(v1, . . . , vn) and for any ā ∈ Mn, we have

M |= φ[ā] ⇔ N |= φ[ f (ā)]

Note that, by the proof of Proposition 1.1.28, any isomorphism is an elementary map.

Note also that, if there exists an elementary map from M to N , then M ≡ N .

Proposition 1.4.2. Let M and N be two L-structures and let f : M → N be an elemen-

tary map. Then f is an embedding.

Proof. We start by showing that f is injective. Let x, y ∈ M and consider the formula

φ(a, b) = ¬(a = b). If x 6= y, then M |= φ[x, y], and f being an elementary map implies

that N |= φ[ f (x), f (y)], meaning that f (x) 6= f (y).

Now let c be any constant symbol and consider the formula φ(v1) = (v1 = c). Then we

have thatM |= φ[cM] and because f is an elementary map, we have thatN |= φ[ f (cM)]

meaning that f (cM) = cN .
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Now let g be an n-ary functional symbol and consider the formula φ(v1, . . . , vn, b) given

by g(v1, . . . , vn) = b. Let x1, . . . , xn ∈ M. Then

M |= φ[x1, . . . , xn, gM(x1, . . . , xn)]

Again, because f is an elementary map, we have that

N |= φ[ f (x1), . . . , f (xn), f (gM(x1, . . . , xn))]

meaning that

gN ( f (x1), . . . , f (xn)) = f (gM(x1, . . . , xn))

for any x1, . . . , xn ∈ M.

To conclude that proof, let R be an n-ary relational symbol, and consider the formula

φ(v1, . . . , vn) given by R(v1, . . . , vn). For any x1, . . . , xn, we have that:

(x1, . . . , xn) ∈ RM ⇔ M |= φ[x1, . . . , xn]

⇔ N |= φ[ f (x1), . . . , f (xn)] ( f is an elementary map)

⇔ ( f (x1), . . . , ( f (xn))) ∈ RN

For this reason, it is common to use the terms elementary map and elementary embedding

interchangeably.

Definition 1.4.3. Let M and N be two L-structures such that M is a substructure of N .

We say thatN is an elementary extension ofM, or thatM is an elementary substructure

of N , denoted by M � N if the inclusion map ι : M ↪→ N is an elementary embedding.

This is equivalent to saying that, for any L-formula φ(v1, . . . , vn) and a1, . . . , an ∈ M, then

M |= φ[a1, . . . , an] ⇔ N |= φ[a1, . . . , an]

Example 1.4.4. Consider the language L = {<}. The identity map from (Q,<) into

(R,<) is an elementary embedding. In particular, as we will see later, given any dense

linearly ordered set without endpoints (S,<), there exists an elementary embedding from

(Q,<) into (S,<).

The definition of an elementary map can be slightly generalized in the following way.

Definition 1.4.5. Let M,N be two L-structures and A ⊆ M by any subset (not neces-

sarily the domain of a substructure). We say that a map f : A → N is a partial elementary
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map if

M |= φ[ā] ⇔ N |= φ[ f (ā)]

for all L-formulas φ(v1, . . . , vn) and all ā = (a1, . . . , an) ∈ An.

We will not use partial elementary maps just now, but they will be useful in later sections.

We are now ready to state and prove the first main result of this section. There are a

lot of equivalent ways to state this theorem, however I think that this one is the most

straightforward.

Theorem 1.4.6 (Downward Löwenheim-Skolem Theorem). Let M be an L-structure,

X ⊆ M and κ be the cardinality of the set of all L-formulas (i.e. κ = |L|). Then, for

any cardinal λ such that

|X|+ κ ≤ λ ≤ |M|

there exists an elementary substructure N of M with cardinality λ such that X ⊆ N.

Proof. Let N0 ⊂ M be any subset of cardinality λ such that X ⊆ N0. The main idea of

the proof is to gradually add elements to N0 to form a chain N0 ⊆ N1 ⊆ N2 ⊆ . . . such

that N =
⋃

k∈ω Nk is the universe of the desired elementary substructure. However, we

can not add too many elements, or else the cardinality of the final N will be greater than

λ. We will build each Ni using induction.

Before we start, we use the well-ordering principle to turn M into a well-ordered set. Later

on the proof, when I say ”Let x be the least element of M such that …” I will be referring

to this order.

We already have N0 and assume that we have already built Nk.

For each formula φ(x, v1, . . . , vn) and b̄ ∈ Nn
k such that

M |= ∃xφ(x, v1, . . . , vn)[b̄] (1.1)

Let aφ,b̄ denote the least element of M such that M |= φ[aφ,b̄, b̄].

Define

Nk+1 = Nk ∪ {aφ,b̄, for all formulas φ(x, v1, . . . , vn) and b̄ ∈ Nn
k such that (1.1) is true}

and let N =
⋃

k∈ω Nk. With this done, there are three things we need to check to complete

the proof:
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1. |N| = λ

2. N is the universe of some substructure N

3. N is an elementary substructure of M

1) We start by determining the cardinality of each Nk using induction. We know that

|N0| = λ. Assume now that |Nk| = λ. As Nk ⊆ Nk+1, then |Nk+1| ≥ λ. On the other

hand, by hypothesis there are κ ≤ λ L-formulas and since the cardinality of the set

{b̄ ∈ Nn
k : for some n} is λ, by forming Nk+1 we are adding to Nk at most κλ = λ new

elements, meaning that |Nk+1| ≤ λ + λ = λ. So |Nk + 1| = λ. Now, we have that

N0 ⊆ N, meaning that |N| ≥ λ. On the other hand,

|N| =

∣∣∣∣∣∣⋃k∈ω

Nk

∣∣∣∣∣∣ ≤ ℵ0λ = λ

So we conclude that |N| = λ as desired.

2) For any constant symbol c, consider the formula: φ(x) given by x = c and take b̄ to

be empty. Then M |= ∃xφ(x) and this is satisfied only by cM. This means that when

building N1, we added cM, and so cM ∈ N for all constant symbols c.

Now, let f be any n-ary functional symbol. We will show that fM is closed in N. Let

b̄ = (b1, . . . , bn) ∈ Nn and let k be large enough so that b1, . . . , bn ∈ Nk. Consider the

formula φ(x, v1, . . . , vn) given by f (v1, . . . , vn) = x. Then

M |= ∃xφ(x, v1, . . . , vn)[b1, . . . , bn]

which is realized only by fM(b1, . . . , bn) if M. This means that from fM(b1, . . . , bn) ∈

Nk+1 ⊆ N

So, N is the domain of a substructure of M with RN = RM ∩ Nn for all n-ary relational

symbols R, fN = fM|Nn for all n-ary functional symbols f and cN = cM for all constant

symbols c.

3) We will prove this with induction over the construction of formulas. Let φ(v1, . . . , vn) be

an L-formula and b̄ = (b1, . . . , bn) ∈ N. Then:

• If φ is atomic, N |= φ[b̄] ⇔ M |= φ[b̄], as N is a substructure of M.
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• If φ is ¬ψ for some ψ, then:

N |= φ[b̄] ⇔ N 6|= ψ[b̄]

⇔ M 6|= ψ[b̄] (Induction Hypothesis)

⇔ M |= φ[b̄]

• If φ is ψ ∧ χ, then the proof is analogous just using the induction hypothesis.

• If φ = ∃xψ(x, v1, . . . , vn), then ifN |= φ[b̄], there exists a ∈ N such thatN |= ψ[a, b̄].

By the induction hypothesis, M |= ψ(a, b̄) meaning that M |= φ[b̄]. On the other

hand, let M |= ∃xψ(x, v1, . . . , vn)[b̄] and Let k be big enough such that b1, . . . , bn ∈

Nk. Then, by construction, there exists a ∈ Nk+1 such that N |= ψ[a, b̄], meaning

that N |= φ[b̄].

As I said earlier, there is another theorem similar to this one, known asUpward Löwenheim-

SkolemTheorem. Before proving it, I would like to introduce and prove some useful results

about elementary maps and elementary extensions:

Definition 1.4.7. Let M be an L-structure and let LM be the language obtained from L

by adding new constant symbols for each element of M. We can then expand M into

an LM-structure by interpreting the new constant symbols as the elements of M they are

meant to represent.

The atomic diagram of M, denoted by Diagat(M) is the set of all atomic LM-sentences

that are true in M.

The elementary diagram of M, denoted by Diag(M) is the set of all LM-sentences that

are true in M

The main purpose of defining the atomic and elementary diagrams of a structure is the

following proposition:

Proposition 1.4.8. Let M be an L-structure and N an LM-structure. Then seeing N as

an L-structure by ignoring the additional constant symbols from LM, we have that:

1. If N |= Diagat(M), then there exists an embedding j : M ↪→ N ;

2. If N |= Diag(M), then there exists an elementary embedding j : M ↪→ N .
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Proof. Consider the map j : M → N that maps m 7→ mN , i.e. it maps each element of

M to the interpretation in N of the corresponding constant symbol. Assume that N |=

Diagat(M). We will start by proving that j is a homomorphism.

1) Let R be any n-ary relational symbol from L and let m1, . . . , mn be elements of M such

that (m1, . . . , mn) ∈ RM. Consider the atomic LM-sentence φ given by R(m1, . . . , mn).

As M |= φ, this means that φ ∈ Diagat(M) and thus N |= φ. So we conclude that

(mN
1 , . . . , mN

n ) ∈ RN and by the definition of j, this is the same as (j(m1), . . . , j(mn)) ∈ RN .

2) Now let f be any n-ary functional symbol from L, let m1, . . . , mn ∈ M and consider the

atomic LM-sentence given by

f (m1, . . . , mn) = a

where a is the constant symbol associated with the element fM(m1, . . . , mn). Repeating

the same argument, we get that N |= φ and thus we conclude that:

j( fM(m1, . . . , mn)) = fN (j(m1), . . . , j(mn))

3) Now, let c be any constant symbol from L, and consider the atomic LM-formula φ given

by c = cM. Again, by the same argument, we get that N |= φ and thus cN = j(cM).

Now We will proceed by showing that j is injective. Let m1, m2 ∈ M be two distinct ele-

ments of M and consider the atomic LM-sentence φ given by ¬(m1 = m2). Then N |= φ

and thus j(m1) 6= j(m2).

In order to conclude that j is an embedding, we only have one more property left to prove.

Let R be any n-ary relational symbol and let m1, . . . , mn ∈ M such that (j(m1), . . . , j(mn)) ∈

RN . We wish to show that (m1, . . . , mn) ∈ RM.

If (m1, . . . , mn) 6∈ RM, then M |= ¬R(m1, . . . , mn), meaning that N |= ¬R(m1, . . . , mn)

and thus (j(m1), . . . , j(mn)) 6∈ RN , which is a contradiction.

Now assume that N |= Diag(M). Let φ(v1, . . . , vn) be an L-formula and m1, . . . , mn ∈ M

such that M |= φ[m1, . . . , mn]. Then M |= φ(m1, . . . , mn) and as such φ(m1, . . . , mn) ∈

Diag(M). Thismeans thatN |= φ(m1, . . . , mn), so we conclude thatN |= φ[mN
1 , . . . , mN

n ]

which is the same as N |= φ[j(m1), . . . , j(mn)].

On the other hand, assume that N |= φ[j(m1), . . . , j(mn)] and that M 6|= φ[m1, . . . , mn].

Then M |= ¬φ(m1, . . . , mn). This would imply that N |= ¬φ(m1, . . . , mn), meaning that

N 6|= φ[j(m1), . . . , j(mn)], which is a contradiction.
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Let M be an L-structure and N be an LM-structure such that M ⊆ N and for each

m ∈ M, mN = m. Then the map j we used to prove this proposition is the identity map,

meaning that if N |= Diagat(M), then M is a substructure of N , and if N |= Diag(M),

M is an elementary substructure of N .

However, if this is not the case, we still have an isomorphismM ' j(M), and by making

this identification, we can say that if N |= Diagat(M), thenM is a substructure of N and

ifN |= Diag(M), thenM is an elementary substructure ofN . This is justified by the fact

that if N |= Diag(M), knowing how the elements of j(M) and N behave allows us to

build an extension M � N ′ with N ′ ' N .

The following proposition is sometimes useful as it gives us an equivalent condition for

a substructure to be an elementary substructure, furthermore, we have already proved

it implicitly when proving the Downward Löwenheim-Skolem Theorem. I only state this

proposition for the sake of sake of completion, but we will not use it in this work.

Proposition 1.4.9 (Tarski-Vaught Test). Let M be a structure and N a substructure.

Then the following are equivalent:

• N is an elementary substructure of M;

• For any formula φ(x, v1, . . . , vn) and any b̄ ∈ Nn, if M |= ∃xφ(x, v̄)[b̄] then there

exists a ∈ N such that N |= φ[a, b̄].

Now, for the other main theorem of this section:

Theorem1.4.10 (Upward Löwenheim-SkolemTheorem). LetM be an infiniteL-structure

and let κ be the cardinality of the set of all L-formulas (i.e. κ = |L|). Then, for any cardinal

λ such that:

|M|+ κ ≤ λ

there exists a proper elementary extension of M with cardinality λ.

Proof. We begin by considering a new language L∗
M obtained from LM by adding the

new constant symbols cα for each ordinal α < λ. Let T be the L∗
M-theory given by:

T =
⋃

m∈Mα<λ

{m 6= α} ∪
⋃

α,β≤λα 6=β

{cα 6= cβ}

Now, consider the L∗
M-theory given by Diag(M)∪ T. AsM is infinite, every finite subset

of Diag(M) ∪ T is satisfied by M by choosing appropriate interpretations for the new
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constants. By the compactness theorem, there exists N0 |= Diag(M) ∪ T. Now, as

N0 |= Diag(M), we know thatN0 is an elementary extension ofM, and becauseN0 |= T,

we know that |N0| ≥ λ.

Now, as |M|+ |L∗
0 | ≤ λ ≤ |N0|, by the Downward Löwenheim-Skolem Theorem there

exists an elementary substructureN � N0 such that M ⊆ N (meaning thatM ≤ N ) and

|N| = λ. We claim that N is an elementary extension ofM. To see this, let φ(v1, . . . , vn)

be any L-formula and let ā ∈ Mn. Then M |= φ[ā] ⇔ N0 |= φ[ā] ⇔ N |= φ[ā].

We will end this section by proving just one fact about elementary extensions that will be

useful later:

Definition 1.4.11. Let (I,<) be a linearly ordered set and for each i ∈ I let Mi be an

L-structure. We say that (Mi : i ∈ I) is a chain of L-structures if Mi ≤ Mj for any i < j.

If Mi � Mj for any i < j, we say that (Mi : i ∈ I) is an elementary chain .

For a chain (Mi : i ∈ I), we can define M =
⋃

i∈I Mi as follows:

• The universe of M is
⋃

i∈I Mi;

• Let c be any constant symbol. For any i, j ∈ I. we have cMi = cMj , so we define

cM = cMi , for all i ∈ I;

• Let f be an n-ary functional symbol and let ā ∈ Mn. There exists k ∈ I such that

ā ∈ Mn
k , and for any i > k, fMi(ā) = fMk(ā). So fM =

⋃
i∈I fMi is a well-defined

function.

• Let R be any n-ary relational symbol and let ā ∈ Mn. By the same argument, there

exists k ∈ I such that for all i > k, ā ∈ RMi if and only if ā ∈ RMk . So we define

RM =
⋃

i∈I RMi

Proposition 1.4.12. Let (Mi : i ∈ I) be an elementary chain. Then, M =
⋃

i∈I Mi is an

elementary extension of any Mi.

Proof. Let i ∈ I, let φ(v1, . . . , vn) be an L-formula and ā ∈ Mn
i . We will use induction

over the complexity of φ. If φ is atomic, because Mi is a substructure of M, we have

Mi |= φ[ā] if and only if M |= φ[ā].

If φ is ¬ψ or ψ ∧ χ, the result follows immediately from the induction hypothesis.
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Now, if φ is ∃xψ(x, v1, . . . , vn) andMi |= φ[ā], thenMi |= ψ[b, ā] for some b ∈ Mi. By the

induction hypothesis, M |= ψ[b, ā] and thus M |= φ[ā]. On the other hand, if M |= φ[ā],

then M |= ψ[b, ā] for some b ∈ M. If b ∈ Mi, then Mi |= φ[ā]. However, if b 6∈ Mi,

there exists j > i such that b ∈ Mj. Because Mi � Mj, and Mj |= ψ[b, ā] we have that

Mi |= ψ[b, ā] and thus Mi |= φ[ā].

1.5. Complete and Categorical Theories

In this section we will dive deeper into the theory of complete theories. Now that we have

more model theoretic tools at our disposal then we did when we first defined what it means

for a theory to be complete back in Definition 1.1.33, we will explore some interesting

consequences of completeness.

Before continuing, recall a satisfiable theory is complete if any two models of such theory

are elementary equivalent (Definition 1.1.33). For example, as proved earlier, for any

structure M, the theory Th(M) is complete.

Note that in a complete theory T, if M |= T, then M |= φ if and only if T |= φ.

The following gives an alternative characterization of complete theories.

Proposition 1.5.1. Let T be an L-theory. Then T is complete if and only if, for every

L-sentence φ, either T |= φ or T |= ¬φ.

Proof. Assume that T is complete, letM |= T and let φ be an L-sentence. We know that

either M |= φ or M |= ¬φ, meaning that either T |= φ or T |= ¬φ.

On the other hand, assume that for all φ, either T |= φ or T |= ¬φ and let M,N |= T.

Let φ ∈ Th(M). If T |= ¬φ, then we would have that M |= ¬φ, which is impossible.

So T |= φ, which implies that N |= φ, and thus N |= Th(M). By the completeness of

Th(M), M ≡ N .

Now, I will introduce another class of theories, namely, categorical theories, which forms

a very important and interesting class of theories with deep model-theoretic properties.

Definition 1.5.2. Let T be an L-theory and κ an infinite cardinal. We say that T is κ-

categorical if T has at least one model of cardinality κ and all models of cardinality κ are

isomorphic.
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Categoricity at first sight seems totally unrelated to completeness, however, using the

Löwenheim-Skolem Theorem, we have the following useful tool to prove that theories are

complete.

Theorem 1.5.3 (Vaught’s Test). Let T be a satisfiable L-theory with no finite models. If

T is κ-categorical, for some k ≥ max{|L|,ℵ0}, then T is complete.

Proof. Let M,N |= T. The main idea is to use Löwenheim-Skolem to find elementary

extensions or substructures of M and N with cardinality κ. We will divide the proof into

4 cases:

1. If |M|, |N| ≤ κ, then by the Upward Löwenheim-Skolem there are elementary ex-

tensions M � M′ and N � N ′ with |M′| = |N′| = κ. By categoricity M′ ' N ′,

so that M ≡ M′ ' N ′ ≡ N .

2. If κ ≤ |M|, |N|, we do the same thing but using the downward Löwenheim-Skolem

theorem.

3. If |M| ≤ κ ≤ |N| we use the Upward Löwenheim-Skolem on M and the Downward

Löwenheim-Skolem on N .

4. If |N| ≤ κ ≤ |M| we use the Upward Löwenheim-Skolem on N and the Downward

Löwenheim-Skolem on M.

We will now use Vaught’s test to give some examples of complete theories, starting with

the theory of dense linear orders without endpoints. Recall that a linearly ordered set

(I,<) is dense if, for all x, y ∈ I with x < y, there exists c ∈ I such that x < c < y. We say

that (I,<) is a dense linear order without endpoints (DLO) if (I,<) is a dense linear order

and, for all x ∈ I, there are a and b such that x < a and b < x. We use these properties

as axioms to define the theory of dense linear orders without endpoints in the language

L consisting of only one relational binary symbol <:

DLO := {∀x¬(x < x),

∀x∀y(x < y → ¬(y < x)),

∀x∀y∀z[(x < y ∧ y < z) → x < z],

∀x∀y[x 6= y → (x < y ∨ y < x)],

∀x∀y[x < y → (∃z(x < z ∧ z < y))],

∀x∃a∃b(a < x ∧ x < b)}
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So (I,<) |= DLO if and only if (I,<) is a dense linear order without endpoints. The

following theorem is due to Georg Cantor:

Theorem 1.5.4 (Cantor’s isomorphism theorem). Any two countable dense linear orders

without endpoints are isomorphic.

Proof. Let (A,<) and (B,≺) be two DLO, with A = (a1, a2, . . .) and B = (b1, b2, . . .).

When we refer to the earliest element that satisfies some property, we will be referring to

this ordering of the elements of A and B.

We will build an isomorphism f : A → B using a method known as ”back-and-forth”, which

is fairly used in model theory to build isomorphism or elementary embeddings between

two structures. The main idea of the method is the following: We build a sequence of

subsets A1 ⊆ A2 ⊆ . . . of A, B1 ⊆ B2 ⊆ . . . of B and a sequence of functions fi : Ai → Bi

such that A =
⋃

i∈ω Ai, B =
⋃

i∈ω Ai and f1 ⊆ f2 ⊆ . . ., using induction. At the end of the

induction, the function f =
⋃

i∈ω fi will be our desired isomorphism. We usually do this

via induction.

Stage 0) Let A1 = {c1}, B1 = {d1} and f1 = {(c1, d1)}, where c1 = a1 and d1 = b1.

Stage k + 1 when k is even) In this step, we will make sure that in the end A =
⋃

i∈ω Ai.

Let Ak+1 = Ak ∪ {ck+1}, Bk+1 = Bk ∪ {dk+1}, and fk+1 = fk ∪ {(ck+1, dk+1)}, where ck+1 is

the earliest element from A that we have not added to Ak, and dk+1 is the earliest element

from B such that fk+1 is an order preserving map from (Ak+1,<) to (Bk+1,≺).

Stage k + 1 when k is odd) In this step, we will make sure that B =
⋃

i∈ω Bi by doing

the same we did in the previous step. Let Bk+1 = Bk ∪ {dk+1}, Ak+1 = Ak ∪ {ck+1} and

fk+1 = fk ∪ {(ck+1, dk+1)}, where dk+1 is the earliest element from B that we have not

added to Bk, and ck+1 is the earliest element from A such that fk+1 is an order preserving

map from (Ak+1,<) to (Bk+1,≺).

There is one thing we still need to check. If k is even or odd, how can we make sure that

there exists a pair (ck+1, dk+1) that satisfies all the conditions we want? Since both cases

are symmetric, We will see that such a pair always exists for the step where k is even.

Because A is infinite and Ak is finite, there exists the earliest element ck+1 of A that is not

in Ak. Now we just need to prove that there exists b ∈ B \ Bk such that, for all α ∈ Ak:

α < ck+1 ⇔ fk(α) ≺ b (1.2)
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Let σ be a permutation such that the elements of Ak are ordered as such: cσ(1) < cσ(2) <

. . . < cσ(k) and the elements of Bk as such: dσ(1) < dσ(2) < . . . < dσ(k).

This divides A into k + 1 intervals, namely: (−∞, cσ(1)), (cσ(1), cσ(2)), . . . , (cσ(k), ∞), and

the same happens with B, where (−∞, cσ(1)) denotes the set of all x such that x < cσ(1)

and (cσ(k), ∞) is defined analogously. Now, we have some different cases to consider:

1) If ck+1 ∈ (cσ(k), ∞), then we can pick any b ∈ (cσ(k), ∞), which exists because (B,≺)

does not have endpoints;

2) If ck+1 ∈ (−∞, cσ(1)), then we can pick any b ∈ (−∞, dσ(1)), which exists for the same

reason;

3) If If ck+1 ∈ (cσ(j), cσ(j+1)), then we can pick any b ∈ (dσ(j), dσ(j+1)), which exists because

(B,≺) is dense.

This choice of b will always satisfy (1.2) because, by the induction hypothesis, fk is order-

preserving. So there exists an earliest element dk+1 that satisfies (1.2).

Now let f =
⋃

i∈ω fi. Let x, y ∈ A such that x < y. There exists k ∈ N such that x, y ∈ Ak

and this fk(x) < fk(y), meaning that f (x) < f (y).

We can re-state this theorem as: DLO is ℵ0-categorical, and thus by Vaught’s test we

have the following.

Corollary 1.5.5. DLO is a complete theory.

Some more examples of categorical theories include:

• The theory of torsion-free divisible abelian groups is κ-categorical for all κ > ℵ0;

• ACFp for p = 0 or p prime is κ-categorical for all κ > ℵ0;

• The theory of vector spaces over a countable field is κ-categorical for any κ > ℵ0.

For more details see Chapter 2.2 in [5]

In particular, ACFp is complete, for p = 0 or p prime, as there is no finite algebraically

closed field.

Before we conclude this chapter, for the sake of completion, I will just show one interesting

application of the completeness of ACFp outside of model theory.
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Theorem 1.5.6 (Lefschetz Principle). Let φ be an Lr-sentence in the language of rings.

Then the following are equivalent:

1. φ is true in C;

2. φ is true in every ACF of characteristic 0;

3. φ is true in some ACF of characteristic 0;

4. There are arbitrarily large primes p such that φ is true in some ACF of characteristic

p;

5. There is an m such that for all primes p > m, φ is true in all ACF of characteristic p.

Proof. By completeness of ACF0, statements (1),(2) and (3) are equivalent. Moreover,

(5) implies (4) trivially.

(2) ⇒ (5): If ACF0 |= φ, then by Proposition 1.3.13, there exists a finite subset ∆ ⊆ ACF0

such that ∆ |= φ. From our definition of ACF0 in example 1.1.30, there exists a prime p

such that for any prime q > p, ACFq |= ∆ and thus ACFq |= φ.

(4) ⇒ (3): Consider the theory ACF0 ∪ {φ}. For any finite subset ∆ ⊆ ACF0 ∪ {φ},

there exist a prime p and F |= ACFp such that F |= ∆. By compactness, there exists

R |= ACF0 ∪ {φ}.

From this follows the following theorem:

Corollary 1.5.7 (Ax–Grothendieck theorem). Every injective polynomial map from Cn to

Cn is surjective.

Proof. I will only sketch the proof, as aside from the Lefschetz Principle, the rest of the

proof is mainly using concepts from field theory that are outside the scope of model theory.

Fix n ∈ N, let p ∈ N be prime and note that any injective polynomial map Zn
p → Zn

p is

also subjective as Zn
p is finite. Using field theory, from this one can prove that any injective

polynomial map (Z̄p)n → (Z̄p)n is subjective, where ·̄ denotes the algebraic closure.

Given a field F and d ∈ N, it is possible to write a sentence φd in the language of rings

such that F |= φd if and only if every injective polynomial map Fn → Fn of maximum

degree d is surjective. As we just saw, Z̄p |= φd, for all d ∈ N. As p is an arbitrary prime,

by the Lefschetz Principle C |= φd for any d ∈ N.
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For the full proof see Theorem 2.2.11 in [5].

1.6. Quantifier Elimination

In some cases, a formula with quantifiers can be equivalent to a quantifier-free formula.

For example, take the formula φ(a, b, c) given by ∃x(ax2 + bx + c = 0). In R, the equation

ax2 + bx + c = 0 has a solution if a 6= 0 and b2 − 4ac ≥ 0 or if a = 0 and either b 6= 0 or

c = 0. So consider the formula ψ(a, b, c) given by (a 6= 0 ∧ b2 − 4ac ≥ 0) ∨ (a = 0 ∧ (b 6=

0 ∨ c = 0)). Then for any a, b, c ∈ R, we have R |= φ[a, b, c] if and only if R |= ψ[a, b, c].

It is easy to see why this is a desirable behavior: quantifiers introduce a lot of complexity

when studying, among other things, definable sets, and being able to find a quantifier-free

formula equivalent to any formula is a very powerful tool.

This motivates the following definition.

Definition 1.6.1. Let T be an L-theory. We say that T has quantifier elimination (QE)

if, for every L-formula φ(v1, . . . , vn), there exists a quantifier-free L-formula ψ(v1, . . . , vn)

such that

T |= ∀v̄(φ(v̄) ↔ ψ(v̄))

i.e. for all models M |= T, and for all ā ∈ Mn, M |= φ[ā] if and only if M |= ψ[ā].

Before looking at some examples, we will fist build a simple tool that allows us to prove

that a theory has quantifier elimination.

We say that a formula is a basic conjunction if it is a conjunction of literals.

Proposition 1.6.2. Let T be an L-theory. Suppose that, given any basic conjunction

φ(v1, . . . , vn, y), there exists a quantifier-free formula ψ(v1, . . . , vn) such that, for every

model M of T and every ā ∈ Mn,

M |= ∃yφ[ā] ⇔ M |= ψ[ā]

Then T has quantifier elimination.

Proof. To simplify the notation on this proof, let φ ∼ ψ denote that the formulas φ and ψ

are equivalent.

We will use induction over the definition of formula to show that T has quantifier elimina-

tion.



FCUP 48

Definable Semigroups in o-Minimal Structures

If φ is atomic, then by definition φ is already quantifier-free.

If φ = ¬ψ and there exists a quantifier-free formula ψ0 equivalent to ψ, then φ is equivalent

to ¬ψ0 which is quantifier-free.

Finally, assume that φ = ∃yψ(v1, . . . , vn, y) and assume that there exists a quantifier-

free formula ψ0(v1, . . . , vn, y) such that ψ(v1, . . . , vn, y) ∼ ψ0(v1, . . . , vn, y). By Proposition

1.1.24, there are basic conjunctions θ1(v1, . . . , vn, y), . . . , θk(v1, . . . , vn, y) such that

ψ0(v1, . . . , vn, y) ∼
k∨

i=1

θi(v1, . . . , vn, y)

In particular, this implies that

φ ∼ ∃y
k∨

i=1

θi(v1, . . . , vn, y)

∼
k∨

i=1

∃yθi(v1, . . . , vn, y)

As each θi is a literal, by our hypothesis, there exists a quantifier-free formula θ′i(v1, . . . , vn),

such that ∃yθi(v1, . . . , vn, y) ∼ θ′i(v1, . . . , vn), for each i = 1, . . . , k, meaning that

φ ∼
k∨

i=1

θ′i(v1, . . . , vn)

which is quantifier-free.

I will demonstrate with an example how this criteria can be used to prove that a theory

has quantifier elimination.

Proposition 1.6.3. DLO has quantifier elimination.

Proof. In order to use Proposition 1.6.2, we first need to understand the structure of the

basic conjunctions. Recall that DLO is a theory in the language L = {<} where < is

a binary relational symbol. As there are no functional nor constant symbols, any term

τ(v1, . . . , vn) is simply equal to vi for some i = 1, . . . , n.

With this in mind, the atomic formulas are either vi = vj or vi < vj for variables vi, vj. In

particular, any literal is of the form vi = vj, vi < vj, ¬(vi = vj) or ¬(vi < vj) for variables

vi, vj.
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Let φ(v1, . . . , vn, y) be a basic conjunction and write

∃yφ = ∃y
k∧

i=1

θi(v1, . . . , vn, y)

Where each θi is a literal. We wish to show that ∃yφ is equivalent to a quantifier-free

formula, which by Proposition 1.6.2, is enough to conclude that DLO has quantifier elimi-

nation. Start by noting that if y does not occur in some literal θi(v1, . . . , vn, y), then we can

move it outside the scope of ∃y, and after doing that for every literal where y does not

occur we are only left under the scope of ∃y with literals where y does occur, i.e. without

loss of generality, we may assume that y occurs in each θi(v1, . . . , vn, y). Now, note that

if some literal θi(v1, . . . , vn, y) is a contradiction, for example, vi 6= vi or y < y, then ∃yφ is

never true in any model of DLO, meaning that ∃yφ would be equivalent to the quantifier-

free formula v1 6= v1. This means that, without loss of generality, we may assume that no

θi is a contradiction. With all this assumptions in place, we have that

∃yφ = ∃y
[∧

i∈I

(y = vi) ∧
∧
j∈J

(y < vj) ∧
∧

k∈K

(vk < y)∧

∧
i′∈I′

¬(y = vi′) ∧
∧

j′∈J′
¬(y < vj′) ∧

∧
k′∈K′

¬(vk′ < y)
]

For finite subsets I, J, K, I′, J′, K′ of {1, . . . , n}. Note however that we can further simplify

this by considering the fact that:

• ¬(y = vi′) is equivalent to y < vi′ ∨ vi′ < y;

• ¬(y < vj′) is equivalent to y = vj′ ∨ vi′ < y;

• ¬(vk′ < y) is equivalent to y = vk′ ∨ y < vk′ .

And as ∃ commutes with ∨, we can assume without loss of generality that

∃yφ = ∃y

∧
i∈I

(y = vi) ∧
∧
j∈J

(y < vj) ∧
∧

k∈K

(vk < y)


For finite subsets I, J, K of {1, . . . , n}.

To finish this proof, we divide it into two cases:

Case 1: I 6= ∅.
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Let t ∈ {vi : i ∈ I} be a variable, and let

ψ(v1, . . . , vn) =
∧
i∈I

t = vi ∧
∧
j∈J

t < vj ∧
∧

k∈K

vk < t

Then, for any M |= DLO and ā ∈ Mn, we have that M |= φ[ā] ⇔ M |= ψ[ā]

Case 2: I = ∅.

Consider the formula ψ(v1, . . . , vn) given by

ψ(v1, . . . , vn) =


v1 = v1 if J = ∅ or K = ∅∧

j∈J,k∈K(vk < vj) otherwise

Then, given anyM |= DLO and ā ∈ Mn, asM is densely ordered without endpoints, we

have that M |= φ[ā] ⇔ M |= ψ[ā].

A similar application of Proposition 1.6.2 proves that, for example, the theory of infinite

sets in the language L = ∅ has quantifier elimination. However, most of the time, to prove

that a theory has quantifier elimination, more sophisticated methods are necessary.

Some other examples of theories with quantifier elimination include:

• Theory of torsion-free divisible abelian groups;

• Theory of ordered divisible abelian groups;

• Theory of real closed fields on Lor;

• ACF.

For more details about these examples and about quantifier elimination in general, see

Chapter 3.1 in [5].

1.7. Types

In this section, we will briefly discuss and prove some results about types. Types are an

incredibly powerful and useful model-theoretic construction, somuch so that, as one starts

to explore more advanced model-theoretic techniques, understanding and being comfort-

able using types is imperative. Intuitively, we can think of a type over some structure M

as being an object that describes some element that could exist on M, or in other words,
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an object that describes an element whose existence in M would not give rise to any

contradictions. This will become more precise and make more sense when we rigorously

define what a type is and prove some results about them. The two main theorems in this

section are the realizing types theorem and the omitting types theorem. Thinking again in

terms of the analogy I used earlier, the realizing types theorem tells us that given a type

in some structureM, we can always expand our structure to include the element that the

type describes. The omitting types theorem is the dual of this, as it answers the question:

given a type, is it always possible to find a structure where the element represented by

that type does not exist?

1.7.1 The Realizing Types Theorem

Let M be an L-structure and A ⊆ M. Consider the language LA obtained by adding

a new constant symbol for each element of A. We can naturally turn M into an LA-

structure by interpreting the new constant symbols as the elements of A they are meant

to represent. Let ThA(M) denote the full theory of M in the language LA.

Formally, a type is defined in the following way:

Definition 1.7.1. Let p be a set of LA-formulas with free variables among v1, . . . , vn. Then

we say that p is an n-type over A (or simply n-type when the set A is implicit or arbitrary)

if p ∪ ThA(M) is satisfiable. We sometimes write p(v1, . . . , vn) to emphasize the fact that

p in an n-type.

Note that until now, we have only used the term ”satisfiable” when dealing with sets of

sentences, however the set p in Definition 1.7.1 has formulas with free variables. We

generalize the definition of a satisfiable theory as follows: Let Γ be a set of L-formulas

with free variables from v1, . . . , vn. We say that Γ is satisfiable if there exists an L-structure

M and an n-tuple ā ∈ Mn such that, for all φ(v1, . . . , vn) ∈ Γ we have that M |= φ[ā].

Example 1.7.2. Consider the structure M = (Z,<, 0), and let

• p(v) = {v < 0};

• q(v) = {v > 0, v > 1, v > 2, . . .}.

Note that p is trivially satisfiable in M by interpreting v as any negative integer, so q(v) is

a 1-type (over ∅).
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On the other hand, no element of M satisfies q ∪ ThN(M). However, note that any finite

subset ∆ ⊆ q ∪ ThN(M) is satisfiable by interpreting v as sufficiently large integer and

thus by compactness, q ∪ ThN(M) is satisfiable, meaning that q(v) is indeed a 1-type

(over N).

Referring back to the analogy at the start of this section, we can think of the type q as

describing an infinite element with respect to the other < in Z. Of course that no such

element exists in Z, however, since q ∪ ThN(M) is satisfiable, the existence of such an

infinite element would not give rise to any logical contradictions.

The fundamental difference between the two types given in Example 1.7.2 is that p is sat-

isfiable in M itself, while for q this is not the case. This motivates the following definition.

Definition 1.7.3. Let M be an L-structure, A ⊆ M and p be an n-type over A. We say

that p is realized in M if there exists ā ∈ Mn such that for all φ ∈ p we have M |= φ[ā].

If this is the case, we also say that ā realizes p. If p is not realized in M, then we say that

M omits p.

One particularly important kind of types are complete types, as we will see later in this sec-

tion. Complete types are types which are maximal with respect to inclusion. Equivalently

we have the following definition:

Definition 1.7.4. Let M be an L-structure, A ⊆ M and p be an n-type over A. We say

that p is complete if for any LA-formula φ with free variables from v1, . . . , vn either φ ∈ p

or ¬φ ∈ p. If p is not a complete type we say that p is an incomplete or partial type. We

denote the set of all complete n-types over A as SM
n (A).

Note that if N is an elementary extension of M and A ⊆ M, then SM
n (A) = SN

n (A).

Now, given any ā ∈ Mn and A ⊆ M, consider the set of LA-formulas:

{φ(v1, . . . , vn) : M |= φ[ā]}

Because for any LA-formula φ(v1, . . . , vn), either M |= φ[ā] or M 6|= φ[ā], this is a com-

plete type, which we denote as tpM(ā/A), or simply as tp(ā/A) whenM is obvious from

context. If A is the empty set, we simply write tpM(ā) instead of tpM(ā/∅) . Not all

complete types are of this form, however as we will see later, complete types are closely

related to these kinds of types.
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Theorem 1.7.5 (Realizing types). Let M be an L-structure, A ⊆ M and p by any n-type

over A. There exists an elementary extension N of M that realizes p.

Proof. It suffices to show that the set of LM-formulas Γ = p ∪Diag(M) is satisfiable by

Proposition 1.4.8.

In order to show that Γ is satisfiable, we would like to use the compactness theorem,

however as the compactness theorem only applies to sets of sentences, we need to make

some adjustments to Γ first.

Let L∗
M ⊇ LM be a new language obtained from LM by adding new constant symbols

c1, . . . , cn and let

p′ = {φ(c1, . . . , cn) : φ(v1, . . . , vn) ∈ p}

be the set of L∗
M-sentences obtained from substituting each free occurrence of vi by ci in

each formula of p, and let Γ′ = p′ ∪Diag(M).

Let ∆ ⊆ Γ′ be any finite subset. We start by building a L∗
M-structure that models ∆.

Let a1, . . . , ai ∈ A be the constants from A that occur in any sentence of ∆ and let

b1, . . . , bl ∈ M \ A be the constants that do not originate from A yet appear in any for-

mula of ∆ ∩Diag(M).

So we have that

∆ = {φ1(c̄, ā), . . . , φm(c̄, ā)} ∪ {ψ1(ā, b̄), . . . , ψk(ā, b̄)}

for some φ1, . . . , φm ∈ p′ and ψ1, . . . , ψk ∈ Diag(M).

Let N0 be an LA-structure such that N0 |= p ∪ ThA(M), which exists by the definition of

type. SinceN0 |= p, there exists e1, . . . , en ∈ N0 such thatN0 |= φi(v1, . . . , vn, ā)[e1, . . . , en],

for all i ∈ {1, . . . , m}, so we define cN0
i = ei. Now, for the second set of sentences, as

M |= ∧k
i=1 ψi(ā, b̄), then M |= ∃w1 . . . ∃wl

∧k
i=1 ψi(ā, w1, . . . , wl), which is now an LA-

formula, and as N0 |= ThA(M), we conclude that:

N0 |= ∃w1 . . . ∃wl

k∧
i=1

ψi(ā, w1, . . . , wl)

So there exists d1, . . . , dl ∈ N0 such that

N0 |=
k∧

i=1

ψi(ā, w1, . . . , wl)[d1, . . . , dl ]
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By interpreting the constant symbols b1, . . . , bl as d1, . . . , dl we conclude thatN0 |= ∧k
i=1 ψi(ā, b̄).

As for the other constant symbols that were not mentioned, we can interpret them as any

element of N0, as they do not appear in the formulas of ∆, essentially turning N0 into an

L∗
M-structure that models ∆.

By compactness, there exists an L∗
M-structure N such that N |= Γ′ and by ignoring all

constant symbols that are not already in L we get an L-structure that models Γ.

This proposition allows us to prove the following characterization of complete types which

I hinted at earlier:

Corollary 1.7.6. Let M be an L-structure and A ⊆ M. Then p ∈ SM
n (A) if and only if

there is an elementary extension N of M and ā ∈ Nn such that p = tpN (ā/A).

Proof. Let p be an n-type such that p = tpN (ā/A) for some elementary extension N of

M and ā ∈ Nn. Then, p ∈ SN
n (A) = SM

n (A).

Now, let p ∈ SM
n (A). By Theorem 1.7.5, there exists an elementary extension N of M

and ā ∈ Nn that realizes p, so p ⊆ tpN (ā/A). On the other hand, let φ ∈ tpN (ā/A). If

φ 6∈ p then, as p is a complete type, we would have that ¬φ ∈ p and, by the previous

inclusion, this would imply that ¬φ ∈ tpN (ā/A) which is a contradiction, so φ ∈ p.

1.7.2 The Stone space of Complete Types

There is a natural way to give a topology to the set SM
n (A) of complete n-types over A.

Doing so allows us to use tools from topology to study certain kinds of types, one instance

of this being isolated types, as we will see later.

Definition 1.7.7. Let M be a structure and A ⊆ M. Let φ be an LA-formula with free

variables from v1, . . . , vn and let

[φ] = {p ∈ SM
n (A) : φ ∈ p}

The Stone topology in SM
n (A) is the topology having as a subbase the sets [φ] for each

LA-formula φ with free variables from v1, . . . , vn. We call the open sets of the form [φ]

basic open sets.

Note that in this topology, each set of the form [φ] is also closed, as [φ] = SM
n (A) \ [¬φ] .
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We will start by justifying the name of the topology we have given to SM
n (A) i.e. proving

that SM
n (A) is a Stone space, however, we will first need the following lemma:

Lemma 1.7.8. Let M be a structure and A ⊆ M. Then any n-type p over A can be

extended to a complete n-type over A.

Proof. Let p be any n-type over A and consider the set

X = {q : is an n-type over A and p ⊆ q}

Let Γ ⊆ X be a chain and consider q0 =
⋃

k∈Γ k. Let ∆ be any finite subset of q0 ∪ThA(M).

As the elements of Γ form a linearly ordered set with respect to inclusion, there exists k ∈ Γ

such that ∆ ⊆ k ∪ ThA(M) and because k is a type, ∆ is satisfiable. By compactness

(implicitly adding constants to the language for each free variable v1, . . . , vn just like we

did in the proof of Theorem 1.7.5) we conclude that q0 ∪ ThA(M) is satisfiable, and thus

q0 is an upper bound of Γ in X. The conclusion follows from Zorn’s lemma.

Proposition 1.7.9. SM
n (A) equipped with the Stone topology is a Stone space, i.e.:

1. SM
n (A) is compact;

2. SM
n (A) is totally disconnected.

Proof. 1) I will start by showing that SM
n (A) is Hausdorff. Let p, q ∈ SM

c (A) such that

p 6= q. As both p and q are maximal with respect to inclusion, then p 6⊆ q and q 6⊆ p, so

that we can find φ and ψ such that φ ∈ p \ q and ψ ∈ q \ p. This implies, by definition, that

[φ] and [ψ] are open sets that separate p and q.

To prove that SM
n (A) is compact, by Alexander subbase Theorem, we only need to prove

that any cover of basic open sets has a finite subcover.

Let C = {[φi] : i ∈ I} be an open cover and lets assume that C does not have any

finite subcover. Consider the set p = {¬φi : i ∈ I} and let ∆ ⊆ p ∪ ThA(M) be any

finite subset. Let ∆ = {¬φ1, . . . ,¬φk} ∪ ∆′, for some φ1, . . . , φk and ∆′ ⊆ ThA(M). As

{φ1, . . . , φn} is not a subcover of C, there exists q ∈ SM
n (A) such that q 6∈ ⋃k

i=1[φi], so

that q 6∈ [φi] and, by definition, φi 6∈ q for all i. As q is a complete type, this implies that

¬φi ∈ q, for all i. By Theorem 1.7.5, there exists an elementary extension N ofM where
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q is realized, and so:

N |= Diag(M) ∪ p

=⇒ N |= ThA(M) ∪ {
k∧

i=1

¬φi}

=⇒ N |= ∆

By compactness, p ∪ ThA(M) is satisfiable, which, by definition, implies that p is an n-

type. By Lemma 1.7.8, there is q ∈ SM
n (A) such that p ⊆ q. However, as ¬φi ∈ q for all

i ∈ I,

q ∈ SM
n (A) \

⋃
i∈I

[φi]

which contradicts the fact that C is a cover.

2) Let Cp be the connected component of p ∈ Cp, and assume that there exists q ∈ Cp

such that p 6= q. Then, there exists φ ∈ p such that ¬φ ∈ q. Let A = Cp ∩ [φ] and

B = Cp ∩ [¬φ]. Then A, B are disjoint closed sets with A ∪ B = Cp, contradicting the fact

that Cp is connected, hence Cp = {p}.

With this topology, we define isolated types as follows.

Definition 1.7.10. We say that a complete n-type p ∈ SM
n (A) is isolated, if p is an isolated

point in the Stone topology, i.e. {p} is an open set.

Although this definition relies on the stone topology of SM
n (A), there exists an alternative

characterization of isolated types only using L-formulas, as we will see now.

Proposition 1.7.11. Let p ∈ SM
n (A). The following are equivalent:

1. p is an isolated type;

2. {p} = [φ(v̄)], for some LA-formula φ(v̄);

3. There exists an LA-formula φ(v̄) such that, for all LA-formulas ψ(v̄),

ψ(v̄) ∈ p ⇔ ThA(M) |= ∀v̄(φ(v̄) → ψ(v̄))

Proof. (1) ⇒ (2) Note that, for any two LA-formulas φ and ψ, we have that [φ] ∩ [ψ] =

[φ ∧ ψ] and analogously, [φ] ∪ [ψ] = [φ ∨ ψ].
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With this in mind, assume that {p} is open. As the basic open sets form a subbase for

the Stone topology, the family of all finite intersections of basic open sets forms a basis.

So, because {p} is open, there are LA-formulas φ1, . . . , φk such that:

p ∈
k⋂

i=1

[φi] ⊆ {p}

Which implies that:

{p} =
k⋂

i=1

[φi] = [φ1 ∧ . . . ∧ φk]

(2) ⇒ (3) Let p = [φ(v̄)] and let ψ ∈ p. Assume, for the sake of contradiction, that

ThA(M) 6|= ∀v̄(φ(v̄) → ψ(v̄)). Then, there exists N0 |= ThA(M) and ā ∈ Nn
0 such that

N |= (φ ∧¬ψ)[ā]. This implies that the set {φ,¬ψ} ∪ ThA(M) is satisfiable and as such,

{φ,¬ψ} is an n-type. By Theorem 1.7.5, there exists an elementary extension N of M

and ā ∈ Nn that realizes {φ,¬ψ}. Now, consider the type tpN (ā/A) ∈ SN
n (A) = SM

n (A).

Because φ ∧ ¬ψ ∈ tpN (ā/A), we have that φ ∈ tpN (ā/A), and because [φ] = {p},

this implies that tpN (ā/A) = p. However, φ ∧ ¬ψ ∈ tpN (ā/A) also implies that ¬ψ ∈

tpN (ā/A) = p, which contradicts ψ ∈ p.

On the other hand, assume that ThA(M) |= ∀v̄(φ(v̄) → ψ(v̄)), for some ψ. If ψ 6∈ p,

then ¬ψ ∈ p, and as we say, this would imply that ThA(M) |= ∀v̄(φ(v̄) → ¬ψ(v̄)). By

Theorem 1.7.5, there exists an elementary extensionN ofM and ā ∈ Nn that realizes p,

and in particular N |= φ[ā]. Because M � N , we have that N |= ThA(M) and as such,

N |= ψ[ā] and N |= ¬ψ[ā], which is a contradiction.

(3) ⇒ (1) Assuming that (3) holds, we will show that {p} = [φ]. As ThA(M) |=

∀v̄(φ(v̄) → φ(v̄)), we have that φ ∈ p and therefore, {p} ⊆ [φ].

Now, let q ∈ [φ]. We will prove that q = p.

If ψ ∈ p, then ThA(M) |= ∀v̄(φ(v̄) → ψ(v̄)). For the sake of contradiction, assume

that ψ 6∈ q, i.e. ¬ψ ∈ q. Because φ ∈ q, then we would have that φ ∧ ¬ψ ∈ q. This is

equivalent to ¬(φ → ψ) ∈ q which would be a contradiction because q is realized in some

elementary extension of M that models ThA(M), so we conclude that ψ ∈ q.

On the hand let ψ ∈ q and assume that ψ 6∈ p. Then ¬ψ ∈ p and by our hypothesis,

ThA(M) |= ∀v̄(φ(v̄) → ¬ψ(v̄)). Again, by Theorem 1.7.5, there exists an elementary

extension N of M and ā ∈ Nn that realizes q, and in particular N |= φ[ā] and N |= ψ[ā].

However, N |= ∀v̄(φ(v̄) → ¬ψ(v̄)), meaning that N |= ¬ψ[ā], which is a contradiction.
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So we conclude that ψ ∈ p.

If p is an isolated type and {p} = [φ], we say that φ isolates p.

1.7.3 The Omitting Types Theorem

As I said at the beginning of this section, the other main theorem we will discuss is the

omitting types theorem. However, contrary to the realizing types theorem, we will not use

the omitting types theorem in this work. Nonetheless, for the sake of completion, I will

briefly discuss it.

Our study of types until now was all done using the realizing types theorem. A natural

question to ask is: Given any type p, is it possible to find a structure that omits this type?

The answer is negative, as we will see. However, there are some types that we can

always omit in some structure as we will see later with the omitting types theorem.

Start by noting that, by the definition of type, all the types wewere working with are ”bound”

to a choice of a structure M, so we will start with the following generalization:

Definition 1.7.12. Let T be an L-theory. An n-type of T is a set of L-formulas p with free

variables from v1, . . . , vn such that p ∪ T is satisfiable.

Given an L-structure M, and A ⊆ M, then by taking the language to be LA and T =

ThA(M), we get the previous definition of type we have been using.

The definition of complete and incomplete types still makes sense in this context so we

will keep those as they are. We denote the set of all complete n-types of T as Sn(T). Note

that, using this notation, if T is complete and M |= T, then Sn(T) = SM
n (∅).

We can still give a topology to Sn(T) by defining the same subbase we used in SM
n (A),

and in fact, this is still a Stone space. We define the isolated types in Sn(T) the same

way we did in SM
n (A). In particular, Proposition 1.7.11 still holds in Sn(T), with the minor

adjustment of substituting ThA(M) for T in (3).

Now, we would like to generalize the notion of isolated types to possibly incomplete ones.

However, the space of all n-types is not equipped with a topology, so we need an alter-

native definition. Point (3) of Proposition 1.7.11 motivates the following:

Definition 1.7.13. Let T be an L-theory and p a (possibly incomplete) n-type of T. We say

that p is isolated if there exists a L-formula φ(v1, . . . , vn) such that T ∪{φ(v̄)} is satisfiable
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and, for all ψ(v̄) ∈ p,

T |= ∀v̄(φ(v̄) → ψ(v̄))

If this is the case, we say that φ isolated p.

Note that, if p is a complete n-type, by the proof that (2) ⇒ (3) in Proposition 1.7.11, p

being isolated in this sense implies that p is isolated as defined in definition 1.7.10.

With this in mind, we have the following result:

Proposition 1.7.14. Let T be an L-theory and p be any n-type of T. If φ(v̄) isolates p,

then p is realized in any model of T ∪ {∃v̄φ(v̄)}. In particular, if T is complete, then every

model of T realizes every isolated type.

Proof. Let M |= T ∪ {∃v̄φ(v̄)}. Then, there exists ā ∈ Mn such that M |= φ[ā]. Let

ψ(v̄) ∈ p. Then M |= ∀v̄(φ(v̄) → ψ(v̄)) and as such, M |= ψ[ā], meaning that ā realizes

p.

Now assume that T is complete, that M |= T and that p is an n-type isolated by φ.

By Definition 1.7.13, there exists N that models T ∪ {φ}, meaning that N |= T and

N |= ∃v̄φ(v̄). Because T is complete, N ≡ M, meaning that M |= ∃v̄φ(v̄). The

conclusion follows from the first part of the proof.

So as we just saw, in a complete theory, there is no way to avoid realizing isolated types.

However, the same is not true when we look at non-isolated types, and this is precisely

the statement of the omitting types theorem:

Theorem 1.7.15 (Omitting Types Theorem). Let L be a countable language, T a L-theory

and p a (possibly incomplete) non-isolated type. Then there exists a countable N |= T

that omits p.

Proof. As we will not use this result, I will not present a proof. You can refer to Theorem

4.2.3 of [5] for the proof.

1.8. Saturated, Homogeneous and Universal Structures

For us, in this work, one of themain uses of types will be the fact that they allow us to define

and work with a special kind of structures known as saturated structures. In fact, when

studying definable groups and semigroups in o-minimal structures, we will often assume
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that aside from o-minimal, our structure of interest is also saturated, as the properties

provided by saturation are essential to prove most results more easily.

Intuitively, a saturated structure is characterized by being very ”large” in the sense that,

if an element can exist within the structure without creating any contradictions, then it is

already in the structure, i.e., any type is realized.

In this subsection we will only introduce key properties that we will use, so keep in mind

that the general theory of saturated, homogeneous and universal structures is much

deeper than what we will discuss here.

We will start by formally defining these three classes of structures.

Definition 1.8.1 (Saturated Structure). Let M be a structure and κ an infinite cardinal.

We say that M is κ-saturated if for all A ⊆ M with |A| < κ, all the types from SM
n (A) are

realized in M, for any n ≥ 1.

We say that M is saturated if it is |M|-saturated.

Definition 1.8.2 (Homogeneous Structure). Let κ be an infinite cardinal. We say that a

structure M is κ-homogeneous if given:

• A ⊆ M with |A| < κ;

• a partial elementary map f : A → M;

• b ∈ M.

There exists a partial elementary map f ∗ : A ∪ {b} → M that extends f , i.e. f ⊆ f ∗.

We say that M is homogeneous if it is |M|-homogeneous.

Definition 1.8.3 (Universal Structure). Let κ be an infinite cardinal and T be a theory. We

say that a model M of T is κ-universal, if every model N of T with |N| < κ embeds into

M. We say that M is universal if it is |M|+-universal.

The reason why I introduced these three classes of structures at the same time is that

they are not as unrelated as they first may seem. Before explaining what I mean by

this, we need the following technical lemma which gives an alternative characterization of

saturation.

Lemma 1.8.4. Let M be a structure and κ be an infinite cardinal. The following are

equivalent:
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1. M is κ-saturated;

2. If A ⊆ M with |A| < κ, then every type in SM
1 (A) is realized in M.

Proof. (1) ⇒ (2) by definition of saturation.

On the other hand, assume that (2) is true.

Let A ⊆ M with |A| < κ. We prove that every type in SM
n (A) is realized in M using

induction over n.

If n = 1, then this is true by (2).

Assume now that, for any B ⊆ M with |B| < κ, every type in SM
n−1(B) is realized inM and

let p ∈ SM
n (A). Consider the type q ∈ SM

n−1(A) given by

q = {φ(v1, . . . , vn−1) : φ ∈ p}

By the induction hypothesis, there exists ā ∈ Mn−1 that realizes q. Now, consider the type

t ∈ SM
1 (A ∪ ā) given by

t = { φ(ā, vn) : φ(v1, . . . , vn) ∈ p }

where φ(ā, v) is the formula obtained from φ by substituting every free occurrence of

v1, . . . , vn−1 by a1, . . . , an−1 respectively. By (2), there exists b ∈ M that realizes t, and as

such, (ā, b) realizes p.

With this lemma, we can prove the following theorem which explains how saturated, ho-

mogeneous and universal structures relate to each other.

Theorem 1.8.5. Let κ be an infinite cardinal, L be a countable language, T be an L-theory

and M be a structure with M |= T. The following are equivalent:

1. M is κ-saturated;

2. M is κ-homogeneous and κ+-universal;

Additionally, if κ ≥ ℵ1, (1) and (2) are also equivalent to:

3. M is κ-homogeneous and κ-universal.

Proof. Start by noting that (2) ⇒ (3) trivially.
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(1) ⇒ (2):

Assume that M is κ-saturated for some infinite cardinal κ.

Claim: M is κ-homogeneous.

Let A ⊆ M with |A| < κ, f : A → M be a partial elementary map and b ∈ M \ A. The

goal is to show that there exists a partial elementary map f ∗ : A ∪ { b } → M such that

f ⊆ f ∗.

For n ≥ 0, for a formula φ(v, w1, . . . wn) and ā ∈ An such that M |= φ[b, a1, . . . , an], con-

sider the formula φ(v, f (a1), . . . , f (an)) obtained from φ by substituting all free occurrences

of each variable wi by the constant f (ai) and let Γ be the set consisting of the formulas

obtained this way. In particular, Γ is a set of L f (A)-formulas with one free variable, which

is a 1-type over f (A) as we will see now.

Start by noting that Γ is closed under finite conjunctions, which implies that, to show that Γ

is satisfiable by compactness, it is enough to show that each individual formula of Γ is sat-

isfiable. Let φ(v, f (ā)) ∈ Γ which, by definition of Γ means thatM |= φ[b, ā]. In particular,

M |= ∃vφ(v, w̄)[a] and as f is a partial elementary embedding, M |= ∃vφ(v, w̄)[ f (ā)],

i.e. M |= φ(v, f (ā))[c] for some c ∈ M. Hence, by compactness, Γ is a 1-type over f (A).

By Lemma 1.7.8, there exists a complete 1-type p over f (A) such that Γ ⊆ p. As | f (A)| <

κ, by saturation, there exists c ∈ M that realizes p and therefore it also realizes Γ. Let

f ∗ : A ∪ { b } → M be the partial map defined as a 7→ f (a) for a ∈ A and b 7→ c. Then f ∗

is a partial elementary map extending f , concluding the proof that M is κ-homogeneous.

Claim: M is κ+-universal.

Let N |= T with |N| ≤ κ. We will build an elementary embedding N ↪→ M. Let (xα :

α < |N|) be an enumeration of N and for each α < |N| let Aα be the set {xβ : β < α}.

The idea is to build a chain of partial elementary maps f0 ⊆ f1 ⊆ . . . ⊆ fα ⊆ . . . for each

α < |N| with fα : Aα → M and then take f to be
⋃

α<|N| fα.

Let f0 = ∅. For each α < |N|, we define fα recursively as follows:

If α is a limit ordinal, then fα =
⋃

β<α fβ. On the other hand, let α is a successor ordinal,

i.e. α = β + 1. For n ≥ 0, for a formula φ(v, w1, . . . , wn) and ā ∈ An
β such that M |=

φ[xα, ā], consider the formula φ(v, fβ(ā)) which is obtained from φ by substituting all free

occurrences of each variable wi by fβ(ai), and let Γ be the set of L fβ(Aβ)-formulas obtained
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this way. Note that | fβ(Aβ)| ≤ |Aβ| ≤ |A| ≤ κ and thus, by the same argument we did

before when proving that M is κ-homogeneous, we conclude that Γ is a 1-type over

fβ(Aβ). By Lemma 1.7.8, we can extend it to a complete 1-type, and by saturation there

exists some c ∈ M that realizes it and, in particular, realizes Γ. Define fα = fβ ∪ {(xα, c)}.

Then fα is by definition a partial elementary map.

As I said before, by taking f =
⋃

α<|N| fα we get an elementary embedding from N into

M, thus proving that M is κ+-universal.

(2) ⇒ (1) and (3) ⇒ (1) if κ is uncountable:

Let A ⊆ M with |A| < κ. We will show that every type in SM
1 (A) is realized, which, by

Lemma 1.8.4, implies that M is κ-saturated.

Let p ∈ SM
1 (A). By definition, p being a 1-type of M over A means that p ∪ ThA(M) is

satisfiable. Note that if κ = ℵ0 then |LA| = ℵ0, and if κ ≥ ℵ1 then |LA| < κ. Thus, by

Theorem 1.3.10, there exists N |= ThA(M) where p is realized such that if κ = ℵ0, then

|N| = ℵ0 and if κ ≥ ℵ1, then |N| < κ. If κ = ℵ0, then hypothesis (2) implies the existence

of an elementary embedding f : N → M. On the other hand, if κ ≥ ℵ1, to grantee the

existence of an elementary embedding f : N → M, it is enough to assume only that

M is κ-universal, i.e. hypothesis (3). Also, note that the elementary embedding f is an

elementary map with respect to the original language L and not LA.

Let x ∈ N realize p. If x ∈ A then, as A ⊆ M, p is realized in M and we are done.

Assume, on the other hand that, x 6∈ A. Note that the restriction f |A : A → M is a partial

elementary map and thus, injective. Consider the partial elementary map f |−1
A : f (A) →

M. By κ-homogeneity, there exists a partial elementary map f ∗ : f (A) ∪ { f (x) } → M

that extends f |−1
A .

Claim: b := f ∗( f (x)) realizes p

Let φ(v) ∈ p be anLA-formula. As x realizes p, we have thatN |= φ[x]. Let a1, . . . , ak ∈ A

be the constants from A that appear in φ(v), and consider the formula φ0(v, w1, . . . , wk) ob-

tained from φ by substituting each occurrence of ai by a new free variable wi, for each i =

1, . . . , k. Then, N |= φ0[x, ā] and as f is an elementary embedding, M |= φ0[ f (x), f (ā)].

Again, as f ∗ is a partial elementary embedding, M |= φ0[ f ∗( f (x)), f ∗( f (ā))]. Now, note

that by definition f ∗( f (x)) = b and f ∗( f (ā)) = ā, i.e. M |= φ0[b, ā] and, in particular,

M |= φ[b]. As φ(v) ∈ p is arbitrary, we conclude that b realizes p in M.
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As a consequence of this theorem, we have the following important characterization of

saturated structures.

Corollary 1.8.6. A structureM is saturated if and only if it is homogeneous and universal.

It is common in the literature to see statements like ”Let M be a sufficiently saturated

structure such that ...” or ”[some statement] can be proved by passing to a sufficiently

saturated elementary extension of M”. A structure being sufficiently saturated means

that it is κ-saturated for some κ larger than any cardinality appearing in the rest of the

argument or proof. For example, if a proof involves only working with a countable number

of countably infinite sets, we might want the structure we are working with to be at least

ℵ1-saturated or, analogously, if we need to work with a collection of λ sets each with

cardinality of at most λ, it is useful to consider that the structure is at least λ+-saturated.

This raises the question of whether κ-saturated structures exist for arbitrarily large κ. The

existence of arbitrarily large saturated structures is very technical and depends heavily

on the set-theoretic assumptions we make. For example, there are some results about

the existence of such saturated structures that assume that the continuum hypothesis is

true, and others that assume, for example, assume the existence of strongly inaccessible

cardinals. As such, we will not delve much into this issue and will instead assume that

there are arbitrarily large saturated structure. For some results about this issue see the

section ”Existence of Saturated Models” in [5].

Note also that if we are working inside some structure M, we can at any time consider

a sufficiently saturated structure N with cardinality strictly larger then that of M. As sat-

urated structures also also universal, and as |M| < |N|, there exists an elementary em-

bedding M ↪→ N , meaning that without loss of generality we may assume that M � N .

To wrap up this section, we will prove some properties of saturated structures that will be

crucial in some of the proofs we present later.

Lemma 1.8.7. Let M be sufficiently saturated, D ⊆ Mn be definable, and Σ be a collec-

tion of definable subsets of Mn. If D ⊆ ⋃
U∈Σ U, then there exists a finite subset Σ0 ⊆ Σ

such that D ⊆ ⋃
U∈Σ0

U.

Proof. We will use the compactness theorem indirectly by using the fact that the space of

types is compact. Let A be a set such that all elements of Σ and D are A-definable. For

each U ∈ Σ, denote also by U the LA-formula that defines U, i.e. U = {x ∈ Mn : M |=

U[x]}. Analogously, let D denote the LA-formula that defines D.
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I will start by showing that [D] ⊆ ⋃
U∈Σ[U] (Recall definition 1.7.7). Let p ∈ [D], i.e. D ∈ p

and let a ∈ Mn realize p, which exists by saturation of M. As M |= D[a], we have that

a ∈ D and as the sets of Σ cover D, there exists U ∈ Σ such that a ∈ U. ThenM |= U[a],

and this U ∈ tpM(a/A) = p, i.e. p ∈ [U].

As we have seen the set [D] is closed and SM
n (A) is compact, so there exists U1, . . . , Uk ∈

Σ such that [D] ⊆ [U1] ∪ . . . ∪ [Uk]. The only thing left to show is that D ⊆ U1 ∪ . . . ∪ Dk.

Let a ∈ D. Then D ∈ tpM(a/A) and so tpM(a/A) ∈ [D] ⊆ [U1] ∪ . . . ∪ [Uk]. This

implies that tpM(a/A) ∈ [Ui] for some i. By definition, Ui ∈ tpM(a/A) which means that

M |= Ui[a] , i.e. a ∈ Ui.

The next two properties, although true in any saturated structure, only require that the

structure is homogeneous, and thus we state them with this weaker hypothesis.

Proposition 1.8.8. Let M be homogeneous, A ⊆ M with |A| < |M| and f : A → M

be a partial elementary map. Then there exists an automorphism π : M → M such that

f ⊆ π.

Proof. Let |M| = κ and let (xα : α < κ) be an enumeration of M. We will start by building

a chain of partial elementary maps f ⊆ f1 ⊆ . . . ⊆ fα ⊆ . . . such that, for each α < κ, xα

is in the domain and image of fα+1 and | fα| < κ.

Start by setting f0 = f , which by hypothesis has | f0| = |A| < κ.

If α < κ is a limit ordinal, set fα =
⋃

β fβ, and in particular, as | fβ| < κ for all β < α, we

have that | fα| < |α| · κ = κ.

On the other hand, assume that fα is already defined with | fα| < κ. AsM is homogeneous

there exists b ∈ M such that gα = fα ∪ {(xα, b)} is a partial elementary map. As partial

elementary maps are injective, consider the partial elementary map given by g−1
α . Again,

by homogeneity, there exists c ∈ M such that g−1
α ∪ {(xα, c)} is a partial elementary map.

We can then define fα+1 as fα ∪ {(xα, b), (c, xα)} which is a partial elementary map with

| fα+1| ≤ | fα|+ 2 < κ.

To conclude the proof, we let π =
⋃

α<κ fα, which is an automorphism extending f .

This proposition allows us to conclude the following about points with the same complete

type over a small A in an homogeneous structure:
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Corollary 1.8.9. Let M be a homogeneous structure, A ⊆ M with |A| < |M|, and let

ā, b̄ ∈ Mn. Then tpM(ā/A) = tpM(b̄/A) if and only if there exists an automorphism

π : M → M with π(ā) = b̄ that fixes A pointwise.

Proof. Start by expanding the language to LA, including the elements of A as constants,

and note that any LA-automorphism ofM fixes by definition the elements of A pointwise.

As such, without loss of generality, we may assume that A = ∅.

Assume that tpM(ā) = tpM(b̄) and consider the partial map f that simply maps ā 7→ b̄.

Note that for any L-formula φ,

M |= φ[ā] ⇔ φ ∈ tpM(ā)

⇔ φ ∈ tpM(b̄)

⇔ M |= φ[b̄]

⇔ M |= φ[ f (ā)]

By Proposition1.8.8, there exists an automorphism that sends ā to b̄.

On the other hand, as any automorphism is an elementary map, if the image of ā under

some automorphism is b̄, then tpM(a) = tpM(b̄).

For the sake of completeness, I will also state the following theorem. For the proof see

Theorem 4.3.20 of [5].

Theorem 1.8.10. Any two saturated models of T with the same cardinality are isomorphic.

1.9. Definable choice and Definable Skolem Functions

The last model-theoretic tool I want to introduce in this chapter is that of elimination of

imaginaries, definable choice and definable Skolem functions. These concepts are some-

what similar in the sense that they allows us to ”definably chose” an element from a family

of definable sets. We will now see more precisely how they are defined rigorously and

how they relate to each other.

Definition 1.9.1. LetM be a structure. A set I is said to be interpretable inM if I = S/E,

for some definable set S ⊆ Mn and some definable equivalence relation E on S.

We say that a function f is interpretable if its graph Γ( f ) is interpretable, and a relation R

is interpretable if it is interpretable as a set.
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Although interpretable sets are not generally subsets of Mn for some n, in certain cases,

we can identify its elements with elements from a definable set. The following definition

will make this more precise.

Definition 1.9.2. LetM be a structure. We say thatM has elimination of imaginaries (EI)

if, for every definable equivalence relation E on Mn, there exists a definable set D ⊆ Mk,

for some k and a definable function f : Mn → D such that:

xEy ⇔ f (x) = f (y)

Note that if M has EI, S ⊆ Mn is definable and E is a definable equivalence relation on

S, we can extend E to a definable equivalence relation on E′ ⊆ Mn as:

E′ = E ∪ {(x, x) : x ∈ Mn}

Elimination of imaginaries grantees the existence of a definable map f ′ : Mn → Y for

some definable Y ⊆ Mk. By restricting the domain to S we get a function f = f ′|S : S → Y

such that

xEy ⇔ f (x) = f (y)

which in turn induces a bijection g between S/E and Im( f )

S S/E

Im( f )

π

f
g

So we can identify S/E with Im( f ) which is definable, and by doing this identification we

sometimes treat the set S/E as being definable when in reality we are referring to Im( f ).

Before proceeding, recall that a definable family of sets is a family of the form {φ(M, a) :

a ∈ ψ(M)} for some formulas φ(x, a) and ψ(x), i.e. a definable family is a set of uniformly

definable sets parametrized by a definable set.

Definition 1.9.3. Let S ⊆ Mn, X ⊆ Mk be definable, and for each x ∈ X let Tx be uniformly

definable subsets of S.

We say that the definable family T = {Tx : x ∈ X} has definable Skolem functions if there

exists a definable map f : X → S such that for all t ∈ T, f (t) ∈ Xt.
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Additionally, we say the definable family T = {Tx : x ∈ X} has definable choice if there

exists a definable function f : X → S such that for all x ∈ X we have f (x) ∈ Tx, and for

all x, y ∈ X, if Tx = Ty then f (x) = f (y).

A definable set S has definable choice [definable Skolem functions] if any definable family

of definable subsets of S has definable choice [definable Skolem functions].

Furthermore, we say that M has definable choice [definable Skolem functions] if Mn has

definable choice [definable Skolem functions] for all n ∈ N.

Note that by definition, ifM has definable choice, then it has definable Skolem functions.

Definable choice is a stronger assumption than elimination of imaginaries. In particular,

we have the following.

Proposition 1.9.4. If M has definable choice, then M has elimination of imaginaries.

Proof. Let n ∈ N and E be an equivalence relation on Mn. Consider the definable family

T = {[x]E : x ∈ Mn}

By definable choice, there exists a definable function f : Mn → Mn such that f (x) ∈ [x]E

for all x ∈ Mn and [x]E = [y]E ⇒ f (x) = f (y). Such function satisfies

xEy ⇔ f (x) = f (y)

The main benefit that definable choice has over elimination of imaginaries, other than not

being limited to quotients of definable sets over definable equivalence relations, is the

following: Let S/E be interpretable in a structure M with definable choice. We already

know from EI that there is a bijection between S/E and a definable set Y. Definable choice

adds to this by saying that we may choose the definable set Y such that it consists exactly

of one representative from each equivalence class of E.



FCUP 69

Definable Semigroups in o-Minimal Structures

2. O-minimality

We now introduce the notion of o-minimality, which plays a central role in this work. In-

tuitively, a structure is o-minimal if the definable sets are ’simple’ and do not exhibit any

pathological behaviour. As such, o-minimality provides a framework to study ’tame’ ge-

ometric and topological behaviour. In this Chapter we use the model theoretic tools we

developed in Chapter 1 to define and derive some key properties of o-minimal structures.

Before starting, I would like to fix the following:

For the rest of this work, unless stated otherwise, ”definable” will always mean

definable with parameters.

We will start by introducing some conventions, notations and basic facts about linearly

ordered structures which we will use thoroughly when studying o-minimality.

A linearly ordered structure is a structure M = (M,<, . . .) where < is a linear order on

M. Two important classes of subsets we usually work with when studying linearly ordered

structures are convex subsets and intervals:

Definition 2.0.1. Let M = (M,<, . . .) be a linearly ordered structure. We say that a

subset A ⊆ M is convex, if for any x, y ∈ A and z ∈ M, then x < z < y implies that

z ∈ A. On the other hand, an interval is any of the following sets:

(a, b) := {x : a < x < b}

[a, b] := {x : a ≤ x ≤ b}

[a, b) := {x : a ≤ x < b}

(a, b] := {x : a < x ≤ b}

with a, b ∈ M ∪ {−∞, ∞}, where {−∞, ∞} are new elements that act as the endpoints of

the other in M. The intervals of the form (a, b) are called open intervals, and the ones of

the form [a, b] are called closed intervals.

Note that all intervals are convex, but the converse is not true. Consider for example the

linear order (Q,<), and the subset {x ∈ Q : x2 < 2} = (−
√

2,
√

2) ∩ Q. This is convex

but it is not an interval in (Q,<) since we can not write it as (a, b) for some a, b ∈ Q.
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The order topology in a linearly ordered structure M = (M,<, . . .) is the topology having

all open intervals as a basis, and we consider the product topology on Mn. In particular,

note that for any n ≥ 1, Mn has a definable basis for this topology.

For example, in R = (R,<), the other topology is the usual Euclidean topology.

One advantage of working with linear orders is the fact that algebraic closure is the same

as definable closure.

Proposition 2.0.2. Let M = (M,<, . . .) be a linearly ordered structure and A ⊆ M.

Then dcl(A) = acl(A).

Proof. We have already seen that dcl(A) ⊆ acl(A).

On the other hand, let x ∈ acl(A). By definition, there exists ā ∈ A and a formula ψ(v, w̄)

such thatM |= ψ[x, ā] and ψ(M, ā) is finite. Let ψ(M, ā) = {x1, . . . , xk} and, without loss

of generality, assume that x1 < . . . < xk

The idea is that we can use the order < to chose any xi we want from ψ(M, ā). For this,

consider the formulas φ1, . . . , φk defined inductively as:

φ1(v, w̄) = ψ(v, w̄) ∧ ∀z(ψ(z, w̄) → v ≤ z)

φn+1(v, w̄) = ψ(v, w̄) ∧ ∀z


ψ(z, w̄) ∧

n∧
i=1

¬φi(z, w̄)

→ v ≤ z


By definition, y = xi if and only ifM |= φi[y, ā], i.e. each xi is A-definable and in particular

so is x.

2.1. O-minimal Structures

O-minimal structures are a special class of linearly ordered structures where the complex-

ity of definable sets is strictly controlled, as we will see now.

Definition 2.1.1. Consider a structure M = (M,<, . . .), where < is a dense linear order

on M. We say that M is o-minimal if every definable subset of M is a finite union of

singletons and open intervals (with endpoints in M ∪ {−∞, ∞}).

Roughly speaking, a structure is o-minimal if every definable set can be defined by a

quantifier-free formula only using the relational symbol < and =.

Example 2.1.2. Some examples of o-minimal structures include:
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• Any dense linear order without endpoints, as DLO has quantifier elimination;

• (Q,<,+), by quantifier elimination of the theory of divisible ordered abelian groups;

• (R,<,+,−, ·, 0, 1), by quantifier elimination (See Corollary 3.3.23 in [5]);

• (R,<, exp), by A. Wilkie’s work [14].

An example of a structure that is not o-minimal would be (R, sin), as the set {x ∈ R :

sin x = 0} is definable but not a finite union of points and intervals.

2.1.1 The Monotonicity Theorem

The following result is of paramount importance to the theory of o-minimality. This theorem

determines the behavior of definable one-variable functions in o-minimal structures.

Theorem 2.1.3 (The Monotonicity Theorem). Let M be an o-minimal structure, a, b ∈ M

and f : (a, b) → M a definable function (where the endpoints could be ±∞). Then

there are points a = a0 < . . . < ak = b in (a, b) such that, in each sub-interval (aj, aj+1)

the function f is either constant, or strictly monotone and a continuous bijection with an

interval.

This theorem can be derived from the following three lemmas.

Lemma 2.1.4. Let M be an o-minimal structure and f : I → M a definable function, for

some open interval I. Then there is an open sub-interval of I where f is either constant

or injective.

Proof. Assume that there exists x ∈ M such that f−1({x}) is infinite. Because pre-

images of definable sets are definable, and M is o-minimal, f−1({x}) is a finite union of

singletons and open intervals. Since f−1({x}) is infinite, there exists at least one open

interval J ⊆ I such that J ⊆ f−1({x}), i.e. f |J is constant.

On the other hand, assume that for all x ∈ M, f−1({x}) is finite. This implies that f (I) is

infinite, and by o-minimality and the fact that the image of definable sets under a definable

function is definable, there exists an open interval J such that J ⊆ f (I). Consider the

following function g : J → I given by

g(y) = max{x ∈ I : f (x) = y}
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which is definable, and because it is injective, g(J) is infinite. By the same argument as

before, there exists an open sub-interval K ⊆ I such that K ⊆ g(J), and f |K is injective.

Lemma 2.1.5. Let M be an o-minimal structure and f : I → M a definable function, for

some open interval I. If f is injective, then f is strictly monotone on an open sub-interval

of I.

Proof. Write I = (a, b) and assume that f is injective. Start by noting that, for each

x ∈ (a, b), we can partition the interval (a, x) as:

(a, x) = {y ∈ (a, x) : f (y) < f (x)}︸ ︷︷ ︸
A

∪ {y ∈ (a, x) : f (y) > f (x)}︸ ︷︷ ︸
B

Both A and B are definable, and because (a, x) is infinite, at least one of them is infinite.

This implies that one of them contains an interval of the form (c, x) for some a < c < x.

This is due to the fact that:

If A is infinite and B finite, then A contains (c, x) for some c > max B, and the same

argument goes if B is infinite and A finite.

On the other hand, assume that both A and B are infinite, and assume that neither A

nor B contain an interval of the form (c, x). This means that both A and B have elements

arbitrarily close to x in (a, b). However, this is impossible, since by o-minimality A and B

are finite unions of points and open intervals.

The interval (x, b) can be partitioned in a similar way. This means that each x ∈ I satisfies

exactly one of the following formulas:

φ++(x) := ∃c1, c2 ∈ I
(

c1 < x < c2 ∧ ∀y ∈ (c1, x)
(

f (y) > f (x)
)

∧ ∀y ∈ (x, c2)
(

f (y) > f (x)
))

φ+−(x) := ∃c1, c2 ∈ I
(

c1 < x < c2 ∧ ∀y ∈ (c1, x)
(

f (y) > f (x)
)

∧ ∀y ∈ (x, c2)
(

f (y) < f (x)
))
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φ−−(x) := ∃c1, c2 ∈ I
(

c1 < x < c2 ∧ ∀y ∈ (c1, x)
(

f (y) < f (x)
)

∧ ∀y ∈ (x, c2)
(

f (y) < f (x)
))

φ−+(x) := ∃c1, c2 ∈ I
(

c1 < x < c2 ∧ ∀y ∈ (c1, x)
(

f (y) < f (x)
)

∧ ∀y ∈ (x, c2)
(

f (y) > f (x)
))

Where ∃c1, c2 ∈ I (ψ(c1, c2)) is short for ∃c1∃c2(a < c1 < b ∧ a < c2 < b ∧ ψ(c1, c2)) and

analogously ∀y ∈ (c1, x) (ψ(y)) is short for ∀y((c1 < y < x) → ψ(y)).

Consider the sets

A�4 = {x ∈ M : M |= (a < x < b ∧ φ�4(x))}

for �,4 ∈ {+,−}, which are definable. Note now that we can write I as a disjoint union:

I = A++ ∪ A+− ∪ A−− ∪ A−+

Thus, one of these sets is infinite, and by o-minimality, there is a sub-interval (c, d) ⊆ A�4

for some �,4 ∈ {+,−}. We will prove that f is strictly monotone either in (c, d) or in

some sub-interval of (c, d) by dividing the proof into 4 cases.

Case 1: (c, d) ⊆ A−+.

This means that for all x ∈ (c, d) we have that M |= φ−+[x]. For each x ∈ (c, d), define

s(x) = sup{y ∈ (x, d) : f > f (x) on (x, y]}

Then s(x) = d, because s(x) < d would contradict the fact that M |= φ−+[s(x)]. Now,

note that given α < β in (c, d), then s(α) = d implies that f (α) < f (β) by definition of s(α),

and thus f is strictly increasing.

Case 2: (c, d) ⊆ A−+.

Using a similar argument as in case 1 we get that f is strictly decreasing in (c, d).

Case 3: (c, d) ⊆ A++.
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Consider the definable set

B = {x ∈ (c, d) : ∀y ∈ (c, d)(y > x → f (y) > f (x))}

If B is infinite, by o-minimality, there is some open interval contained in B and f would be

strictly increasing on that interval.

On the other hand, assume that B is finite. By considering a sub-interval of (c, d) to the

right of all points of B, we may assume that

∀x ∈ (c, d) ∃y ∈ (c, d) (y > x ∧ f (y) < f (x)) (∗)

Claim: Let k ∈ (c, d). Then, for large enough y in (c, d), we have that f (y) < f (k).

Let

A = {y ∈ (k, d) : f (y) < f (k)}

B = {y ∈ (k, d) : f (y) > f (k)}

which are both definable. In particular, note that (k, d) is the disjoint union of A and B

while means that there exists l ∈ (k, d) such that either (l, d) ⊆ A or (l, d) ⊆ B, and note

that the claim we are proving is equivalent to saying that (l, d) ⊆ A.

For the sake of contradiction, assume that (l, d) ⊆ B and let w be minimal in (k, d) such

that (w, d) ⊆ B. Note that as M |= φ++[w], if f (w) > f (k), w would not be minimal with

respect to its defining property, therefore f (w) < f (k). By (∗) there exists e ∈ (w, d) such

that f (e) < f (w) < f (k) which is a contradiction, so we conclude that for large enough y

in (c, d), f (y) < f (k).

Let wk be the least element of [k, d) such that for any y ∈ (wk, d) we have f (y) < f (k).

Note that M |= φ++[k] implies that k < wk and M |= φ++[wk] implies f (wk) < f (k),

since otherwise wk would not be minimal.

Consider now the formula

ψ>(v) = ∃v1, v2 ∈ (c, d)
(

v1 < v < v2 ∧∀z1∀z2

(
v1 < z1 < v < z2 < v2 → f (z1) > f (z2)

))

The minimality of wk implies that M |= ψ>[wk].
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As k was chosen arbitrarily in (c, d), we have proved that

∀x ∈ (c, d)∃z ∈ (c, d)(x < z ∧ ψ>(z))

This means that the set {x ∈ M : M |= ψ>[x]} is infinite, and by o-minimality, there is an

interval (e, f ) ⊆ (c, d) where ψ> hols. Consider now the formula:

ψ<(v) = ∃v1, v2 ∈ (c, d)(v1 < v < v2 ∧ ∀z1∀z2(v1 < z1 < v < z2 < v2 → f (z1) < f (z2)))

A similar argument shows that there is a sub-interval of (e, f ) where ψ< holds for all ele-

ments, which contradicts the fact that ψ> hols in all elements of (e, f ).

With this, we see B being finite is impossible.

Case 4: (c, d) ⊆ A−−.

This is impossible for the same reason as case 3.

Lemma 2.1.6. Let M be an o-minimal structure and f : I → M a definable function, for

some open interval I. If f is strictly monotone, then f is continuous on an open sub-interval

of I.

Proof. Assume that f is strictly increasing. As any strictly increasing function is injective,

f (I) is infinite, and by o-minimality, there is an open interval J ⊆ f (I). Take c, d ∈ J with

c < d and let a, b ∈ I such that f (a) = c and f (b) = d, with a < b.

We start by proving that f |(a,b) : (a, b) → (c, d) is bijective.

Injectivity: f |(a,b) is the restriction of an injective function.

Surjectivity: Let e ∈ (c, d) ⊆ J. As J ⊆ f (I), there exists k ∈ I such that f (k) = e. From

the fact that c < e < d and that f is strictly increasing, we get that a < k < b, and thus

k ∈ (a, b).

Given any open sub-interval (α, β) ⊆ (c, d), we have that f−1((α, β)) = ( f−1(α), f−1(β)),

and so f is continuous in (a, b).

In the case where f is strictly increasing, the proof is analogous.

Equipped with these lemmas we can prove the Monotonicity theorem.
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Proof. Consider the definable set X consisting of all points x in (a, b) such that, in some

sub-interval of (a, b) containing x, the function f is either constant or strictly monotone and

continuous. In particular, note that the set (a, b) \ X is definable. If (a, b) \ X were infinite,

by o-minimality, there would exist an interval I ⊆ (a, b) \ X. Using lemmas 2.1.4,2.1.5

and 2.1.6 we can find a sub-interval J ⊆ I where f is either constant or strictly monotone

and continuous, meaning that J ⊆ X, which contradicts the fact that J ⊆ I ⊆ (a, b) \ X.

From this, we conclude that (a, b) \ X is finite. Because we want to find a partition of (a, b)

on which f is either constant or strictly monotone and continuous, it is enough to find such

partition for each interval in X, so we may assume that (a, b) = X and in particular f is

continuous. Now, note that we can further partition (a, b) into disjoint definable sets:

(a, b) = A1 ∪ A2 ∪ A3

where:

• A1 = {x ∈ (a, b) : f is constant in some neighborhood of x}

• A2 = {x ∈ (a, b) : f is strictly increasing in some neighborhood of x}

• A3 = {x ∈ (a, b) : f is strictly decreasing in some neighborhood of x}

Because they are definable, by o-minimality, each of them is the union of a finite number

of intervals and a finite set, meaning they induce a finite partition of (a, b) where each sub-

interval defined by the partition is contained in some Ai. It is enough then, to prove that

in each sub-interval, f is either constant or strictly monotone, so assume that (a, b) = Ai

for some i.

Case 1: (a, b) = A1

Let x ∈ (a, b) and define

s = sup{k ∈ (x, b) : f is constant in [x, k)}

If s < b, because s ∈ A1, there would exist an interval (c1, c2) containing s where f is

constant, meaning that f would be constant in [x, c1), contradicting the definition of s. So

s = b and thus f is constant in [x, b). An analogous argument shows that f is constant in

(a, x], and therefore constant in (a, b).
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Case 2: (a, b) = A2

Let x ∈ (a, b) and define

s = sup{k ∈ (x, b) : f is strictly increasing in [x, k)}

Then s = b by the same argument we did in case 1 and therefore f is strictly increasing

in [x, b). Again, by an analogous argument, we can show that f is strictly increasing in

(a, x] and thus strictly increasing in (a, b).

Case 3: (a, b) = A3

The proof is analogous to Case 2.

Note that, if f : (a, b) → M is A-definable, then the points a = a0 < . . . < ak = b obtained

from the Monotonicity Theorem are in fact also A-definable.

2.1.2 Cell Decomposition

The definition of o-minimality tells us what the definable sets of M look like, and the mono-

tonicity theorem determines the behaviour of definable 1-ary functions on M. The next

natural step is to determine what the definable sets in Mn are, and how definable functions

in Mn behave. This culminates in the cell decomposition theorem which we will explore

in this subsection.

For any definable subset X ⊆ Mn let

C(X) := { f : X → M : f is continuous and definable}

and let C∞(X) = C(X) ∪ {−∞, ∞}, where −∞, ∞ represent the constant functions with

value −∞ and ∞ respectively.

For any f , g ∈ C∞(X), write f < g if f (x) < g(x) for all x ∈ X. If this is the case, we

define the set:

( f , g)X = {(x̄, y) ∈ X × M : f (x̄) < y < g(x̄)}

which is a definable subset of Mn+1. When it is clear from context what the set X is, we

simply write ( f , g).
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With these definitions in mind, I will introduce the definition of a cell. As the name sug-

gests, cells are the central object we use to characterize definable sets in Mn in the cell

decomposition theorem.

Definition 2.1.7. Let (i1, . . . , in) be a sequence of zeros and ones. An (i1, . . . , in)-cell is

a definable subset of Mn defined recursively as follows:

1. A (0)-cell is simply a singleton of M, and a (1)-cell is a non-empty open interval of

M (possibly unbounded);

2. Suppose that (i1, . . . , in)-cells are already defined:

(a) An (i1, . . . , in, 0)-cell is the graph Γ( f ), for some f ∈ C(X) where X is some

(i1, . . . , in)-cell;

(b) An (i1, . . . , in, 1)-cell is a set of the form ( f , g)X where X is a (i1, . . . , in)-cell and

f , g ∈ C∞(X) with f < g. (see figure)

Mm

M

X

f

g

( f , g)X

We say that a subset X ⊆ Mn is a cell if it is a (i1, . . . , in)-cell, for some ik ∈ {0, 1}.

Before continuing, I would like to make some remarks regarding this definition.

1. The numbers i1, . . . , in are uniquely determined by the cell;

2. A cell is open in Mn if and only if it is a (1, . . . , 1)-cell, and for this reason we refer

to them as open cells.

3. Every cell is homeomorphic to an open cell under a projection. Let X be an (i1, . . . , in)-

cell in Mn, let k = i1 + . . . + in and let λ(1) < . . . < λ(k) such that iλ(1) = . . . =
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iλ(k) = 1. Then themap π : Mn → Mk projecting onto the λ(1), . . . , λ(k) coordinates

is an homeomophism;

4. If X is a cell in Mn+1, then the image of X under the projection map into the fist n

coordinates is a cell in Mn.

As the name suggests, the Cell Decomposition Theorem is formulated using the concept

of a decomposition, which I introduce now.

Definition 2.1.8. A decomposition of Mn is a partition of Mn using finitely many cells,

defined recursively as follows.

i) Any partition of M into finitely many cells is a decomposition;

ii) Let π : Mn+1 → Mn be the projection onto the fist n coordinates. A decomposition

of Mn+1 is a partition of Mn+1 into finitely many cells, such that the image under π

of all cells is a decomposition of Mn.

One way to think about decompositions is the following:

Let D = (A1, . . . , Ak) be a decomposition of Mn, and for each i let fi,1 < . . . < fi,ni be

functions in C(Ai).

The set

Di = {(−∞, fi,1), ( fi,1, fi,2), . . . , ( fi,ni , ∞)} ∪ {Γ( fi,1), . . . , Γ( fi,ni)}

is a partition of Ai × M. Then the set

D∗ = D1 ∪ . . . ∪ Dk

is a decomposition of Mn+1, and in particular, every decomposition of Mn+1 arises from

a decomposition of Mn in this way. (see figure.)
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Mm

M

. . . Ai−1 Ai Ai+1 . . .

fi,1

fi,2

fi,3

Let X be a subset of Mn. We say that a decomposition of Mn partitions X if every cell in

the decomposition is either contained in X or disjoint from X, or equivalently, if X is the

disjoint union of cells from the decomposition. IfD is a decomposition of Mn that partitions

X, it is common to refer to the cells contained in X as a decomposition of X.

Theorem 2.1.9 (Cell Decomposition Theorem). Let M be o-minimal. For each n > 0 the

following hold.

(I) Given any A1, . . . , Ak definable subsets of Mn, there exists a decomposition of Mn

that partitions each Ai;

(II) Given any definable function f : A → M where A ⊆ Mn is definable, there is a

decomposition D of Mn that partitions A, such that the restriction f |C : C → M is

continuous, for each C ∈ D with C ⊆ A;

(III) Given a formula φ(v, w1, . . . , wn) such that for all ā ∈ Mn, φ(M, ā) is finite, then

there exists N ∈ N such that, for all ā ∈ Mn, |φ(M, ā)| ≤ N.

Proof. I will only sketch the proof. For more details see [8].

The idea is to prove (I), (II) and (III) at the same time using induction. Let (I)i, (II)i and

(III)i denote statements (I),(II) and (III) when we take n = i. (I)1 holds by the definition of

o-minimality, and (II)1 follows from the monotonicity theorem. (III)1 requires a direct argu-

ment and does not follow directly from any theorems I have stated before. The induction

is done as follows:

1. (I)m, (II)m, (III)m (for m < n) =⇒ (I)n;
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2. (I)m (for m ≤ n), (II)m (for m < n) =⇒ (II)n;

3. (I)m, (II)m (for m ≤ n) and (III)m (for m < n) =⇒ (III)n;

Before continuing I would like to make the following remarks regarding Theorem 2.1.9:

• In (I), we may choose the decomposition D of Mn that partitions each Ai, . . . , Ak

such that each cell in D is actually definable over the same parameters used to

define A1, . . . , Ak, i.e. if each Ai is Bi-definable, we may assume that the cells in D

are
⋃k

i=1 Bi-definable. In particular, if we only have one set X ⊆ Mn, we can always

find a decomposition of Mn that partitions X such that each cell is defined over the

same parameters as X.

• Property (III) is called uniform boundedness, and a structure M that satisfies (III)

for all n ∈ N is said to be uniformly bounded.

In particular, we have shown that every o-minimal structure is uniformly bounded.

Corollary 2.1.10. Any o-minimal structure is uniformly bounded.

From this, we can prove that being o-minimal is a property preserved under elementary

equivalence.

Theorem 2.1.11. Let M,N be two L-structures such that M ≡ N . If M is o-minimal,

then N is o-minimal.

Proof. Let A ⊆ N be a definable set equal to φ(N , b̄) for some φ(v, w̄) and b ∈ Nn.

Consider the following formulas:

pt(v, w̄) =φ(v, w̄) ∧ ∀c1∀c2

(
c1 < v < c2

→ ∃z1∃z2

(
c1 < z1 < v < z2 < c2 ∧ ¬φ(z1, w̄) ∧ ¬φ(z2, w̄)

))

sup(v, w̄) = ∃c1∀z1

(
c1 < z1 < v → φ(z1, w̄)

)
∧ ∀c2∃z2

(
v < z2 < c2 ∧ ¬φ(z2, w̄)

)

in f (v, w̄) = ∀c1∃z1

(
c1 < z1 < v ∧ ¬φ(z1, w̄)

)
∧ ∃c2∀z2

(
v < z2 < c2 → φ(z2, w̄)

)
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Now consider the formula

ψ(v, w̄) = pt(v, w̄) ∨ sup(v, w̄) ∨ in f (v, w̄)

By o-minimality, for any ā ∈ Mn, the set φ(M, ā) is a finite union of points open inter-

vals, and thus ψ(M, ā) is finite. By uniform boundedness, there exists K ∈ N such that

|ψ(M, ā)| < K, for all ā ∈ Mn. In other words:

M |= ∀w̄ ∃<Kv ψ(v, w̄)

As N is elementary equivalent to M, we conclude that

N |= ∃<Kv ψ(v, w̄)[b̄]

This implies that φ(N , w̄) = A is a finite union of open intervals and points.

Before continuing, I will state and prove some topological properties of cells that will be

useful later on.

Recall that in a topological space X, we say that A ⊆ X is locally closed if X is the

intersection of an open and closed set. This is equivalent to the property that for any

x ∈ A, there exists an open neighborhood Ux of x such that Ux ∩ A is closed in Ux. In

particular, any open or closed set is locally closed.

I will start by proving the following lemma.

Lemma 2.1.12. Let X, Y be topological spaces with Y being Hausdorff. Let A ⊆ X be a

locally closed set and f : A → Y be a continuous function. Then, Γ( f ) (the graph of f ) is

locally closed in X × Y.

Proof. Let (x, f (x)) ∈ Γ( f ). As A is locally closed, there exists Ux ⊆ X open such that

x ∈ Ux and Ux ∩ A is closed in Ux. Consider the neighborhood Ux × Y of (x, f (x)). The

goal is to show that (Ux × Y) ∩ Γ( f ) is closed in Ux × Y. This follows from the fact that

(Ux × Y) ∩ Γ( f ) = {(x, f (x)) : x ∈ Ux ∩ A} = Γ(g)

where g : Ux ∩ A → Y is the restriction of f to Ux ∩ A. As Ux ∩ A is closed in Ux and Y

is Hausdorff, from topology, we know that Γ(g) is closed in Ux × Y.

Proposition 2.1.13. Let M be o-minimal. Then any cell C ⊆ Mn is locally closed.



FCUP 83

Definable Semigroups in o-Minimal Structures

Proof. The proof will be done using induction over n. For n = 1 the result is trivial. Now,

let C ⊆ Mn+1 be a (i1, . . . , in, k)-cell. Start by assuming that k = 0, i.e. there exists a

continuous definable function f : C′ → M such that C = Γ( f ) (the graph of f ), for some

(i1, . . . , in)-cell C′. By the induction hypothesis, C′ is locally closed, and by Lemma 2.1.12,

we get that Γ( f ) = C is locally closed.

On the other hand, assume that k = 1, i.e. there exists an (i1, . . . , in)-cell C′ and functions

f , g ∈ C∞(C′) with f < g such that C = ( f , g)C′ . Let (x, y) ∈ C = ( f , g)C′ , i.e. x ∈ C′ and

f (x) < y < g(x). As C′ is locally closed, there exists an open neighborhood Ux ⊆ Mn of

x such that Ux ∩ C′ is closed in Ux. Consider the open neighborhood Ux × M of (x, y). I

claim that (Ux × M) ∩ ( f , g)C′ is closed in Ux × M. Start by noting that

(Ux × M) ∩ ( f , g)C′ = ( f , g)Ux∩C′

Let (ai, bi)i∈I be a net in ( f , g)Ux∩C′ that converges to (a, b) in Ux × M. it is enough to

show that (a, b) ∈ ( f , g)Ux∩C′ . Note that (ai)i∈I is a net in Ux ∩ C′ that converges to a in

Ux, and as Ux ∩ C′ is closed in Ux, we get that a ∈ Ux ∩ C′. For each i ∈ I, we have that

f (ai) < bi < g(ai) as (ai, bi) ∈ ( f , g)Ux∩C′ , which implies that f (a) < b < g(a) and thus

(a, b) ∈ ( f , g)Ux∩C′ .

Another important property is definable connectedness, which generalizes the familiar

notion of connectedness in a topological space.

Definition 2.1.14. Let M = (M,<, . . .) be a linearly ordered structure and X ⊆ Mn. We

say that X is definably disconnected if there are definable open subsets U1, U2 ⊆ Mn

such that X ⊆ U1 ∪ U2, with X ∩ U1, X ∩ U2 non-empty and X ∩ U1 ∩ U2 = ∅.

If X is not definably disconnected, we say that X is definably connected.

Note that if X is definable, then X being definably disconnected is equivalent to saying that

there are open (with the induced topology) disjoint non-empty definable subsets U1, U2 ⊆

X such that U1 ∪ U2 = X. In particular, X is definable disconnected if and only if X has a

definable clopen subset, with respect to the induced topology. In particular, note that this

implies that the image of a definably connected definable set under a definable continuous

map is also definably connected.

Proposition 2.1.15. Let M be o-minimal and C ⊆ Mn be a cell. Then C is definably

connected.
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For the proof, see Proposition 2.4 in [8].

2.1.3 Geometric structures and Dimension

In this subsection, we will explore two possible ways of developing the notion of dimension

in an o-minimal structure.

Before continuing I will introduce the following notation: Given A ⊆ M and a tuple ā =

(a1, . . . , an) ∈ Mn, let Aā denote A ∪ {a1, . . . , an}.

We start by defining what a geometric structure is, and as we will see, o-minimal structures

are one instance of such structures.

Definition 2.1.16. Let X be a non-empty set and cl : P(X) → P(X) be a map. We say

that (X, cl) is a pregeometry if it satisfies the following.

i) For all A ⊆ X, A ⊆ cl(A);

ii) For all A ⊆ X, cl(cl(A)) = cl(A);

iii) For all A ⊆ X,

cl(A) =
⋃
{cl(F) : F is a finite subset of A}

iv) (Exchange property) If A ⊆ X and b, c ∈ X with b ∈ cl(Ac) \ cl(A), then c ∈ cl(Ab).

In any arbitrary structureM (not necessarily o-minimal), acl satisfies (i)-(iii). Furthermore,

as we will see now, in any o-minimal structure, acl also satisfies the exchange property.

Theorem 2.1.17. Let M = (M,<, . . .) be an o-minimal structure. Then (M,acl) is a

pregeometry.

Proof. It is enough to show that acl satisfies the exchange property. By Proposition 2.0.2,

it is enough to show that for all A ⊆ M and b, c ∈ M,

b ∈ dcl(Ac) \ dcl(A) =⇒ c ∈ dcl(Ab)

Furthermore, by adding the elements of A as new constants, it is enough to prove that

b ∈ dcl(c) \ dcl(∅) =⇒ c ∈ dcl(b)

Let {b} = {x ∈ M : M |= φ[x, c]}) for some formula φ(v, w).
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Consider the set

A = {x ∈ M : M |= ∃=1zφ(z, v)[x]}

This is an ∅-definable set with c ∈ A. If A is finite, then c ∈ acl(∅) ⊆ acl(b) = dcl(b) and

we are done.

Assume then that A is infinite. By o-minimality, A is a finite union of open intervals and

points. Consider now the formula

ψ(v) = v ∈ A ∧ ∃c1∃c2((c1 ∈ A) ∧ (c2 ∈ A) ∧ (c1 < v < c2) ∧ ∀z(c1 < z < c2 → z ∈ A))

Where v ∈ A is short for ∃=1zφ(z, v). Then the set

B = {x ∈ M : M |= ψ[x]}

is an ∅-definable set that consists of all points of A that lie inside an interval of A. On the

other hand, the set A \ B is also an ∅-definable subset of A consisting of all points that

do not lie inside an interval of A.

Now, if c ∈ A \ B, then we would have that c ∈ acl(∅) ⊆ acl(b) = dcl(b) as this set is

finite and we would be done.

On the other hand, consider that c ∈ B and let (α, β) be the maximal interval containing c

in A. I will start by showing that α and β are ∅-definable.

Again, by o-minimality, we can write A as:

A = (α1, β1) ∪ . . . ∪ (αk, βk) ∪ {x1, . . . , xw}

Consider the formula

ψ(v) = ∃c1((c1 ∈ A) ∧ ∀z(c1 < z < v → z ∈ A))∧

∀c2(c2 > v → ∃z(v < z < c2 ∧ ¬(z ∈ A)))

Then {β1, . . . , βk} = {x ∈ M : M |= ψ[x]} is ∅-definable. So {β1, . . . , βk} ⊆ acl(∅) =

dcl(∅). In an analogous way we conclude that each α1, . . . , αk is ∅-definable.

Now, consider the following ∅-definable function f : (α, β) → M, defined as follows:

(x, y) ∈ f ⇔ (α < x < β) ∧ φ(y, x)
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Note that f maps c 7→ b. By the monotonicity theorem, there exists α = a1 < . . . < ak = β

such that on each sub-interval f is either constant or strictly monotone.

If c = ai for some i = 1, . . . , k, then c would be ∅-definable and we would be done. If this

is not the case, then c ∈ (ai, ai+1) for some i.

If f |(ai ,ai+1) is constant, then it would map all elements to b as f (c) = b. Consider however

the formula:

ψ(v) = ∀z(ai < z < ai+1 → f (z) = v)

Then we would have that {b} = {x ∈ M : M |= ψ[x]} and this would be a contradiction

as b is not ∅-definable.

On the other hand, if f |(ai ,ai+1) is strictly monotone, then it is bijective, and its inverse

f |−1
(ai ,ai+1)

is ∅-definable. Because b itself is {b}-definable, the image f |−1
(ai ,ai+1)

(b) = c is

{b}-definable, thus concluding the proof.

Definition 2.1.18. Let M be a first-order structure. We say that M is geometric if alge-

braic closure defines a pregeometry in anymodel of Th(M), andM is uniformly bounded.

From Corollary 2.1.10, we have the following.

Corollary 2.1.19. Every o-minimal structure is geometric.

The fact that every o-minimal structure is geometric has very interesting consequences,

in particular, there is a common way of assigning a dimension to definable sets in any

geometric structure, similar to how dimension is defined in vector spaces.

Definition 2.1.20. Let M be a geometric structure, A ⊆ M and ā ∈ Mn. We define

dim(ā/A) as the least cardinality of a sub-tuple ā′ of ā such that ā ⊆ acl(Aā′).

If p(x̄) ∈ SM
n (A), we define dim(p) to be dim(ā/A), for any ā realizing p in an elementary

extension of M.

Before continuing further, we will prove that the definition of dim(p) for p ∈ SM
n (A) is

well-defined.

Lemma 2.1.21. Let M be geometric, A ⊆ M and p ∈ SM
n (A). Let N1,N2 be two ele-

mentary extensions of M and let ā ∈ N1, b̄ ∈ N2 realize p.

Then dim(ā/A) = dim(b̄/A).
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Proof. Let dim(ā/A) = k and dim(b̄/A) = w. Thus

k = min{|ā′| : ā′ ⊆ ā and ā ⊆ acl(Aā′)} (2.1)

Let ā = (a1, . . . , an) and, without loss of generality, assume that ā′ = (an−k+1, . . . , an)

is one of the least sub-tuples in (2.1). Let n ∈ N and for each i = 1, . . . , n − k let

φi(x, y1, . . . , yk) be an LA-formula such that:

N1 |= (φi(x, y1, . . . , yk) ∧ ∃<nzφi(z, y1, . . . , yk))︸ ︷︷ ︸
:=ψi(x,y1,...,yk)

[ai, an−k+1, . . . , an]

Then

N1 |=
(
ψ1(x1, y1, . . . , yk) ∧ . . . ∧ ψn−k(xn−k, y1, . . . , yk)

)
[a1, . . . , an−k, an−k+1, . . . , an]

As p is complete, we have that
(
ψ1(x1, y1, . . . , yk) ∧ . . . ∧ ψn−k(xn−k, y1, . . . , yk)

)
∈ p and

thus:

N2 |=
(
ψ1(x1, y1, . . . , yk) ∧ . . . ∧ ψn−k(xn−k, y1, . . . , yk)

)
[b̄]

This means that w ≤ k.

An analogous argument, starting with b̄ ∈ N2, shows that k ≤ w, and thus k = w.

The following lemma establishes some important properties, but before that I would like

to introduce the concept of independent sets, which can be used to give an alternative

definition of dim(ā/A).

Let M be any geometric structure, and let I ⊆ M. We say that I is independent if, for all

x ∈ I, x 6∈ acl(I \ {x}). If A ⊆ M, we say that I is independent over A if it is independent

when regarding the elements of A as new constant symbols.

Lemma 2.1.22. Let M be a geometric structure, A, B ⊆ M and ā, b̄ ∈ Mn. Then:

i) dim(ā/A) is equal to max{|ā′| : ā′ ⊆ ā is an independent sub-tuple over A};

ii) If A ⊆ B, then dim(ā/A) ≥ dim(ā/B);

iii) dim(āb̄/A) = dim(ā/Ab̄) + dim(b̄/A);

iv) If p ∈ SM
n (A) and A ⊆ B, then there exists p′ ∈ SM

n (B) such that p ⊆ p′ and

dim(p) = dim(p′).
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Proof. i) Start by adding the elements of A to the language as constant symbols so that,

without loss of generality, we may assume that A = ∅.

We will start proving that b̄ ⊆ ā is minimal such that ā ⊆ acl(b̄) if and only if b̄ is a maximal

independent sub-tuple of ā.

Start by assuming that b̄ is a maximal independent sub-tuple of ā. I claim that ā ⊆ acl(b̄)

To see this, assume for the sake of contradiction that ā 6⊆ acl(b̄). Note that this implies

that ā \ b̄ 6⊆ acl(b̄), and so let w ∈ ā \ b̄ such that w 6∈ acl(b̄).

Claim: b̄w is independent.

Let bi ∈ b̄ and note that if we had that bi ∈ acl(b̄ \ { bi } ∪ {w }) then

bi ∈ acl(b̄ \ { bi } ∪ {w }) \ acl(b̄ \ { bi })

which, by the exchange property, would imply that w ∈ acl(b̄). Additionally, we already

had established that w 6∈ acl(b̄), and therefore, b̄w is independent. However, this contra-

dicts the maximality of b̄.

Therefore, ā ⊆ acl(b̄). Now, assume that there exists a proper sub-tuple c̄ ⊂ b̄ such that

ā ⊆ acl(c̄), and let bi ∈ b̄ \ c̄. This would imply that bi ∈ acl(c̄) ⊆ acl(b̄ \ {bi}), which

contradicts the fact that b̄ is independent, thus b̄ is minimal with respect to the property

that ā ⊆ acl(b̄).

On the other hand, let b̄ ⊆ ā be minimal such that ā ⊆ acl(b̄). If b̄ is not independent,

then there exists bi ∈ b̄ such that bi ∈ acl(b̄ \ {bi}). But then this would imply that

acl(b̄) ⊆ acl(b̄ \ {bi}) and in particular, ā ⊆ acl(b̄ \ {bi}), contradicting the minimality

of b̄. Additionally, note that the existence of a sub-tuple c̄ of ā with b̄ ⊂ c̄ is impossible for

the following reason: If you take any x ∈ c̄ \ b̄, then as c̄ is independent, x 6∈ acl(c̄ \ {x}),

and in particular, x 6∈ acl(b̄). However, this contradicts the fact that ā ⊆ acl(b̄).

Next, we prove that any two minimal sub-tuples of b̄ and c̄ of ā such that ā ⊆ acl(b̄) and

ā ⊆ acl(c̄) have the same number of elements.

For that, we start by proving the following generalization of Steinitz Exchange Lemma:

Claim: Let b̄ ⊆ ā be independent and c̄ ⊆ ā be a sub-tuple such that ā ⊆ acl(c̄). Then:

• |b̄| ≤ |c̄|;
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• There is c̄′ ⊆ c̄ with |c̄| = |c̄| − |b̄| such that ā ⊆ acl(b̄c̄′).

Let b̄ = (b1, . . . , bm) and c̄ = (c1, . . . , ck). We will show that m ≤ k using induction on m.

If m = 0 then it is trivial that m ≤ k, and we may take c̄′ to be c̄.

Assume now that the claim is true for m− 1. We start by applying the induction hypothesis

to b̄′ = b̄ \ {bm}, i.e. there exists c̄′ ⊆ c̄ with |c̄′| = |c̄| − (m − 1) such that ā ⊆ acl(b̄′ c̄′).

This means that b̄m ∈ acl(b̄′ c̄′). Note that if, for all ci ∈ c̄′, we had that bm ∈ acl(b̄′ c̄′ \ {ci}),

then bm ∈ acl(b̄′), which contradicts the fact that b̄ is independent. So there exists ci ∈ c̄′

such that bm 6∈ acl(b̄′ c̄′ \ {ci}), which we fix now. Note however, that this implies that

bm ∈ acl(b̄′(c̄′ \ {ci}) ∪ {ci}) \ acl(b̄′ c̄′ \ {ci})

And therefore, by the Exchange property, we conclude that ci ∈ acl(b̄c̄′ \ {ci}) In par-

ticular, note that |c̄′ \ {ci}| = |c̄′| − 1 = |c̄| − k, furthermore, b̄′ ⊆ acl(b̄c̄′ \ {ci}) and

c̄′ ⊆ acl(b̄c̄′ \ {ci}), which implies that ā ⊆ acl(b̄c̄′ \ {ci}). As b̄c̄′ \ {ci} was obtained

from b̄′ c̄′ by adding bm and removing ci, we conclude that |b̄c̄′ \ {ci}| = |b̄′ c̄′| = |c̄|, and in

particular, |b̄| ≤ |c̄|.

Now, let b̄ and c̄ be two minimal sub-tuples of of ā such that ā ⊆ acl(b̄) and ā ⊆ acl(c̄). As

we have already seen, this implies that b̄ is independent, and therefore by the claim we

just proved, |b̄| ≤ |c̄|. An analogous argument shows that |b̄| ≥ |c̄|.

In particular, this means that if b̄ ⊆ ā is a minimal sub-tuple such that ā ⊆ acl(b̄), then |b̄| =

dim(ā/∅). To conclude the proof, letmax{|ā′| : ā′ ⊆ ā is an independent sub-tuple over A} =

k and b̄ ⊆ ā be an independent sub-tuple of ā with |b̄| = k, i.e. b̄ is maximal among other

independent sub-tuples. Then, as we have seen b̄ is a minimal subset of ā such that

ā ⊆ acl(b̄), and therefore k = |b̄| = dim(ā/∅).

ii) If A ⊆ B, then for any sub-tuple ā′ ⊆ ā, we have that Aā′ ⊆ Bā′ and thus acl(Aā′) ⊆

acl(Bā′). This gives us the following inclusion:

{ā′ : ā′ ⊆ ā and ā ⊆ acl(Aā′)} ⊆ {ā′ : ā′ ⊆ ā and ā ⊆ acl(Bā′)}

and thus

min{|ā′| : ā′ ⊆ ā and ā ⊆ acl(Aā′)}︸ ︷︷ ︸
=dim(ā/A)

≥ min{|ā′| : ā′ ⊆ ā and ā ⊆ acl(Bā′)}︸ ︷︷ ︸
=dim(ā/B)
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Thus concluding the proof.

iii) Start by adding the elements of A to the language as constant symbols so that, without

loss of generality, we may assume that A = ∅.

Let ā′ ⊆ ā be minimal such that ā ⊆ acl(b̄ā′) and b̄′ ⊆ b̄ minimal such that b̄ ⊆ acl(b̄′).

Then āb̄ ⊆ acl(ā′b̄′), meaning that

dim(āb̄/∅) ≤ dim(ā/b̄) + dim(b̄/∅)

On the other hand, let c̄ = ā′b̄′ ⊆ āb̄ minimal such that āb̄ ⊆ acl(c̄).

Then ā ⊆ acl(ā′b̄′) ⊆ acl(b̄ā′), so dim(ā/b̄) ≤ |ā′|. If b̄ ⊆ acl(b̄′), then dim(b/∅) ≤ |b̄′|

and we would be done, as this would imply that

dim(ā/b̄) + dim(b̄/∅) ≤ |ā′b̄′| = dim(āb̄/∅)

Assume now that b̄ 6⊆ acl(b̄′), i.e. there exists bi ∈ b̄ \ b̄′ such that bi 6∈ acl(b̄′).

Claim: There exists aj ∈ ā′ such that if c̄′ is obtained from c̄ by removing aj and adding

bi, then |c̄′| = |c̄| and acl(c̄′) = acl(c̄).

Let ā′′ ⊆ ā′ be a minimal sub-tuple such that bi ∈ acl(ā′′b̄′), which exists as bi ∈ acl(ā′b̄′).

Because bi 6∈ acl(b̄′), we have that ā′′ 6= ∅, and so, let aj ∈ ā′′ by any element and set ā′′′

to be ā′′ \ {aj}. Note that bi ∈ acl(ā′′′b̄′aj) while, by the minimality of ā′′, bi 6∈ acl(ā′′′b̄′),

i.e.

bi ∈ acl(ā′′′b̄′aj) \ acl(ā′′′b̄′)

By the exchange property, we conclude that aj ∈ acl(ā′′′b̄′bi).

Let c̄′ be obtained from c̄ by removing aj and adding bi. Start by noting that |c̄′| = |c̄|

trivially. Additionally, as āb̄ ⊆ acl(c̄), we have that c̄′ ⊆ acl(c̄) and therefore acl(c̄′) ⊆

acl(c̄). On the other hand, note that ā′′′b̄′bj ⊆ c̄′ and thus acl(ā′′′b̄′bi) ⊆ acl(c̄′). However,

note that we have already established by the exchange property that aj ∈ acl(ā′′′b̄′bi),

and therefore, aj ∈ acl(c̄′). Note also that as b̄′ ⊆ c̄′ and ā′ \ {aj} ⊆ c̄′, we have that

b̄′, ā′ \ {aj} ⊆ ācl(c′). This implies that c̄ = (ā′ \ {aj}) ∪ {aj} ∪ b̄′ ⊆ acl(c̄′) and therefore

acl(c̄) ⊆ acl(c̄′), completing the proof that acl(c̄) = acl(c̄′) and therefore proving the

claim.
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The idea now is to use the claim repeatedly in the following way:

Consider the sequence of pairs (b̄′n, c̄′n)n≥0 defined as: If n = 0, then (b̄′0, c̄′0) = (b̄′, c̄). If

(b̄′n, c̄′n) is already defined, then (b̄′n+1, c̄′n+1) = (b̄′n, c̄′n) if b̄ ⊆ acl(b̄′n). On the other hand,

if b̄ 6⊆ acl(b̄′n) , let c̄′n+1 be the sub-tuple of āb̄ with |c′n+1| = |c′n| and acl(c′n+1) = acl(c′n)

obtained from applying the claim we just proved, and let b̄′n+1 = c̄′n+1 ∩ b̄.

Each step we apply the claim, we get a new sub-tuple b̄′n+1 with |b̄′n+1| = |b̄′n| + 1, and

as b̄ is finite, this means that we can only apply the claim a finite number of times. As

a consequence of this, the sequence (b̄′n, c̄′n)n≥0 eventually stabilizes. Let (b̄∗, c̄∗) be the

value that the sequence eventually takes, and note that |c̄∗| = |c̄| and b̄ ⊆ acl(b̄∗), i.e.

dim(b̄/∅) ≤ |b̄∗|. This allows us to conclude that:

dim(ā/b̄) + dim(b̄/∅) ≤ |ā′b̄∗| = |c̄∗| = |c̄| = dim(āb̄/∅)

iv) We can expandM to a sufficiently saturated structure N where any type from SM
n (A)

and SM
n (B) is realized. Therefore it is enough to prove the result for N , so without loss

of generality we may assume that M is sufficiently saturated.

Note that for any p′ ∈ SM
n (B), if p ⊆ p′, then dim(p) ≥ dim(p′), as dim(ā′/A) ≥

dim(ā/B) for any ā realizing p′, so it is enough to find p′ ∈ SM
n (B) with p ⊆ p′ such that

dim(p) ≤ dim(p′).

Let dim(p) = k and for each LB-formula θ(v, w1, . . . , wk−1) and n ∈ N, consider the

formula Ψθ,n(v1, . . . , vn) defined by

∧
σ∈S(n)

(
¬θ(vσ(n), vσ(1), . . . , vσ(k−1)) ∨ ∃>nz θ(z, vσ(1), . . . , vσ(k−1))

)

And consider the partial n-type over B

q = p ∪
⋃
θ,n

{Ψθ,n}

Note that this is indeed a type as ThB(M) ∪ q is finitely satisfiable, being witnessed by

any realization of p as dim(p) = k.

There exists p′ ∈ SM
n (B) such that p ⊆ q ⊆ p′, and the way we have defined each Ψθ,n

guarantees that for any ā realizing p′, we have dim(ā/B) ≥ k.

Before continuing, I would like to introduce some notation. Let X = φ(M, ā) for some φ
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and ā ∈ A. To simplify the notation, it is common to denote the LA-formula φ that defines

X by X itself, i.e. it is common to write X(M) for X. So given an elementary extension

M � N , it is usual to let X(N ) denote the set φ(N , ā). With this in mind, we can define

dimensions for arbitrary definable sets in a geometric structure as follows.

Definition 2.1.23. Let M be a geometric structure and M be a sufficiently saturated

elementary extension ofM. Given an A-definable set X ⊆ Mn, we define the (geometric)

dimension of X

dim(X) := max{dim(x̄/A) : x̄ ∈ X(M)}

We say that ā ∈ X is a generic of X over A if dim(ā/A) = dim(X).

Note that ifM itself is sufficiently saturated we can simply put dim(X) = max{dim(x̄/A) :

x̄ ∈ X}

Before continuing further, we will prove that dimension is well-defined, i.e. it does not

depend on the parameter set nor on which saturated elementary extension we choose.

Proposition 2.1.24. Let M be a geometric structure and X be an A-definable subset.

Then:

i) If X is also B-definable then, fixing a sufficiently saturated elementary extension

M � M, we have

max{dim(x̄/A) : x̄ ∈ X(M)} = max{dim(x̄/B) : x̄ ∈ X(M)}

ii) If M, U � M are two sufficiently saturated elementary extensions, then

max{dim(x̄/A) : x̄ ∈ X(M)} = max{dim(x̄/A) : x̄ ∈ X(U)}

Proof. Note that

max{dim(x̄/A) : x̄ ∈ X(M)} = max{dim(p) : p ∈ SM
n (A) and p is realized on X(M)}

i) Let max{dim(x̄/A) : x̄ ∈ X(M)} = k and let p ∈ SM
n (A) be a type such that dim(p) =

k and p is realized in X(M), i.e. there exists ā ∈ X(M) such that p = tpM(ā/A). By

(iv) of lemma 2.1.27, there exists q ∈ SM
n (A ∪ B) such that p ⊆ q, dim(q) = k, and by

saturation we get that q is realized by some b̄ ∈ Mn. In particular, b̄ realizes tpM(ā/A)

meaning that tpM(b̄/A) = tpM(ā/A). Because M is homogeneous, there exists an
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automorphism σ : M → M such that σ(ā) = b̄ and σ fixes A pointwise. As X(M) is

A-definable, σ fixes X(M) set-wise, meaning that σ(ā) = b̄ ∈ X(M).

Now note that k = dim(q) = dim(b̄/A ∪ B) ≤ dim(b̄/B) by (i) of Lemma 2.1.27, and

thus

max{dim(x̄/A) : x̄ ∈ X(M)} ≤ max{dim(x̄/B) : x̄ ∈ X(M)}

The other inequality can be proven analogously.

ii) Let M, U � M be two sufficiently saturated elementary extensions ofM. If |M| = |U|,

then M ' U, by Theorem 1.8.10 any two saturated models of the same cardinality are

isomorphic, and the result follows. On the other hand, without loss of generality assume

that |M| < |U|. As, by Corollary 1.8.6, U us universal, there is an elementary embedding

M ↪→ U, so we may as well assume that M � U. In particular, X(M) ⊆ X(U), so that

max{dim(x̄/A) : x̄ ∈ X(M)} ≤ max{dim(x̄/A) : x̄ ∈ X(U)}

On the other hand let max{dim(x̄/A) : x̄ ∈ X(U)} = k, and p ∈ SM
n (A) be a type such

that dim(p) = k, and there exists ā ∈ X(U) that realizes p. By saturation there exists

b̄ ∈ Mn that realizes p, meaning that tpM(ā/A) = tpM(b̄/A). Because, by Corollary

1.8.6 , U is homogeneous, there exists an automorphism σ : U → U such that σ(ā) = b̄

and σ fixes A pointwise. The fact that σ fixes A pointwise implies that it fixes setwise all A-

definable sets, and in particular σ(ā) = b̄ ∈ X(U). As b̄ ∈ Mn and X(U) ∩ Mn = X(M)

we get that p is a type with dimension k realized by b̄ ∈ X(M), meaning that

max{dim(x̄/A) : x̄ ∈ X(M)} ≥ k = max{dim(x̄/A) : x̄ ∈ X(U)}

Thus concluding the proof.

This definition of dimensions has very interesting properties and, in particular, it is invariant

under definable bijective maps. The following proposition is a collection of such properties

that we will use in this work. For now, they are simply stated and we will prove them later.

Proposition 2.1.25. Let M be a geometric structure. Then:

i) dim({a}) = 0 for all a ∈ M and dim(M) = 1;

ii) If A ⊆ B ⊆ Mn are definable, then dim(A) ≤ dim(B);
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iii) If X ⊆ Mn and Y ⊆ Mk are definable, and there exists a definable bijection between

X and Y, then dim(X) = dim(Y);

iv) If X ⊆ Mn and Y ⊆ Mk are definable and f : X → Y is a definable injective map,

then dim(X) ≤ dim(Y);

v) If X ⊆ Mn and Y ⊆ Mk are definable, then dim(X × Y) = dim(X) + dim(Y);

vi) If X, Y ⊆ Mn are definable, then dim(X ∪ Y) = max{dim(X), dim(Y)}.

Although these properties are true in any geometric structure, when the structure is o-

minimal, there is a different approach we can use to prove them, as we will see now. The

key observation is that o-minimal structures have something special that not all geometric

structures have: Cell decomposition. This gives rise to another alternative definition of

dimension commonly known as topological dimension:

Definition 2.1.26. Let M be o-minimal. If C is an (i1, . . . , in)-cell, then we define

tdim(C) = i1 + . . . + in

Given a definable set X ⊆ Mn, we define:

tdim(X) = max{tdim(C) : C ⊆ X is a cell}

We also define tdim(∅) to be −∞.

Note that in particular, if X ⊆ Mn is definable, then tdim(X) = n if and only if X contains

an open cell. Also, it is clear from the definition that if X ⊆ Y ⊆ Mn are definable, then

tdim(X) ≤ tdim(Y) ≤ n.

To prove some properties about this definition of dimension we will first need the following

lemma.

Lemma 2.1.27. Let A ⊆ Mn be an open cell and f : A → Mn an injective definable map.

Then f (A) contains an open cell.

Proof. We will use induction on n.

If n = 1 then A contains an open interval and so does f (A), proving the result.
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Now let n > 1 and assume that the result is true for lower values of n. By the cell decom-

position theorem, there is a decomposition of Mn that partitions f (A), so we can write

f (A) = C1 ∪ . . . ∪ Ck

and thus

A = f−1(C1) ∪ . . . ∪ f−1(Ck)

as A is open, at least one f−1(Ci) contains a box, and for the sake of simplicity assume

that f−1(C1) contains a box B. By the cell decomposition theorem, there is a decomposi-

tion that partitions B as

B = D1 ∪ . . . ∪ Dw

such that f is continuous in each Di. By the same argument as before, some Di contains

a box and by taking B to be that smaller box inside that Di, we have that f−1(C1) contains

a box B such that f |B : B → C1 is continuous.

We will prove that C1 is an open cell via a contradiction. Start by assuming then that C1

is not open and for the sake of simplicity assume that C1 is an (i1, . . . , in−1, 0) - cell.

Consider the map g : B → Mn−1 given by g = p ◦ f |B where p : C1 → Mn−1 is the pro-

jection into the fist n − 1 coordinates and in particular note that g is definable, continuous

and injective.

Write B as B′ × (a, b), let c ∈ (a, b) and consider the map

h : B′ → Mn−1

x 7→ g(x, c)

By the induction hypothesis h(B′) contains an open cell in Mn−1 and as such there is a

box D in Mn−1 such that D ⊆ h(B′). Let x ∈ h−1(D) be any element.

The fact that g is continuous implies that g−1(D) ⊆ B is open, and in particular there

exists an open box K with (x, c) ∈ K ⊆ g−1(D). Writing K as K′ × (α, β) we see that for

any c′ ∈ (α, β) we have that (x, c′) ∈ K ⊆ g−1(D), i.e. g(x, c′) ∈ D. As D ⊆ h(B′), there

exists x′ ∈ B′ such that g(x, c′) = h(x′) which contradicts the injectivity of g because

g(x, c′) = h(x′) = g(x′, c).

With this lemma, we can prove the following.
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Proposition 2.1.28. Let M be o-minimal. Then:

i) If X ⊆ Mn and Y ⊆ Mk are definable, and there exists a definable bijection between

X and Y, then tdim(X) = tdim(Y);

ii) If X ⊆ Mn and Y ⊆ Mk are definable and f : X → Y is a definable injective map,

then tdim(X) ≤ tdim(Y) and tdim(X) = tdim( f (X));

iii) If X, Y ⊆ Mn are definable, then tdim(X ∪ Y) = max{tdim(X), tdim(Y)}.

Proof. i) Let f : X → Y be a definable bijection. it is enough to prove that tdim(X) ≤

tdim(Y), because if this is the case, the reverse equality follows from the same argument

but using f−1 instead of f . Let tdim(X) = d and let A be an (i1, . . . , in)-cell contained in

X with tdim(A) = d. Let p : Mn → Md be the map projection onto the coordinates for

which ik is not zero, so that p(A) is an open cell in Md. Consider the map

g = f ◦ (p|A)−1 : p(A) → Y

We will prove that im(g) = f (A) contains a cell of dimension d. To simplify the notation,

replace X by p(A), Y by f (A) and f by f ◦ (p|A)−1 (note that this is still a definable

bijection) so that n = d and X is an open cell.

Let Y = C1 ∪ . . . ∪ Ck be a partition of Y into cells. As Y = f (Y) this allows us to write:

X = f−1(C1) ∪ . . . ∪ f−1(Ck)

Again, by cell decomposition some f−1(Ci) contains an open cell. For the sake of sim-

plicity assume that f−1(C1) contains an open cell B.

Let C1 be an (j1, . . . , jm)-cell. We will prove that d ≤ tdim(C1). For this, assume that

tdim(C1) < d.

Consider the following maps.

f |B : B → C1

p : C1 → p(C1) ⊆ Mtdim(C1)

q : p(C1) → Md

Where:
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p is the projection onto the coordinates for which jk is not zero;

q maps x ∈ p(C1) to (x, w) for some fixed w ∈ Md−tdim(C1).

The map q ◦ p ◦ f |B is an injective definable map from Md to Md and by Lemma 2.1.27 its

image would contain an open cell. However, the image is contained in Mtdim(C1) × {w}

meaning that it can not contain any open cells.

So d ≤ tdim(C1) and as C1 ⊆ Y we get that d ≤ dim(Y).

ii) Follows directly from i) and from the fact that if A ⊆ B then tdim(A) ≤ tdim(B).

iii) As X, Y ⊆ X ∪ Y, we have that tdim(X), tdim(Y) ≤ tdim(X ∪ Y) and thus

max{tdim(X), tdim(Y)} ≤ tdim(X ∪ Y).

On the other hand, without loss of generality assume that tdim(X) ≥ tdim(Y). Let

tdim(X ∪Y) = d and let A be an (i1, . . . , in)-cell contained in X ∪Y such that tdim(A) = d.

Consider the projection p : A → Md onto the coordinates for which ik is not zero, i.e. p(A)

is an open cell in Md. Note that

p(A) = p(A ∩ X) ∪ p(A ∩ Y)

By cell decomposition, at least one of them contains an open box and because tdim(p(A∩

X)) ≥ tdim(p(A ∩Y)), we get that p(A ∩ X) contains such open box B. Note that p−1(B)

is an (i1, . . . , in)-cell contained in X, meaning that tdim(X) ≥ d = tdim(X ∪ Y).

Note that by (iii) of Proposition 2.1.28, we conclude that if X ⊆ Mn is definable, then

tdim(X) = max{tdim(Ci) : X = C1 ∪ ... ∪ Ck is a cell decomposition of X}.

The following technical lemma is needed to prove the last results about topological di-

mension that we will use in the rest of this work.

Proposition 2.1.29. LetM be o-minimal and S ⊆ Mm × Mn be definable set. For a given

a ∈ Mm, let Sa = {x ∈ Mn : (a, x) ∈ S}, and for each d ∈ {−∞, 0, 1, . . . , n}, let

S(d) := {a ∈ Mm : tdim(Sa) = d}

Then, for any d ∈ {0, 1, . . . , n}, S(d) is definable, and

tdim

 ⋃
a∈S(d)

{a} × Sa

 = tdim(S(d)) + d
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Proof. Let D be a cell decomposition of Mm × Mn that partitions S. Let π : Mm ×

Mn → Mm denote the projection onto the first m coordinates, and note that given an

(i1, . . . , im, im+1, . . . , im+n)-cell C ∈ D, π(C) ⊆ Mm is an (i1, . . . , im)-cell.

Claim: For each a ∈ π(C), Ca = {x ∈ Mn : (a, x) ∈ C} is an (im+1, . . . , im+n)-cell in Mn.

To prove this claim we will use induction. Let n = 1. If C is an (i1, . . . , im, 0)-cell, i.e.

C = Γ( f ) for some f ∈ C(X) and X an (i1, . . . , im)-cell, then Ca = { f (a) } which is an

0-cell. On the other hand, if C is an (i1, . . . , im, 1)-cell then there exists an (i1, . . . , im)-cell

X and f , g ∈ C(X) with f < g such that C = ( f , g). Then Ca is the interval ( f (a), g(a))

which is an 1-cell.

Suppose now that the claim is true for a certain n and let C ⊆ Mm × Mn+1, and let π1 :

Mm × Mn+1 → Mm × Mn be the projection onto the first m + n coordinates, and set D =

π1(C) which, by induction is an (i1, . . . , im, im+1, . . . , im+n)-cell . If C is an (i1, . . . , im, im+1,

. . . , im+n, 0)-cell, i.e. there exists f ∈ C(D) such that C = Γ( f ), then note that Ca = Γ( fa),

where fa : Da → M is given by fa(x) = f (a, x), and therefore Ca is an (im+1, . . . , im+n, 0)-

cell. On the other hand, if C is an (i1, . . . , im, im+1, . . . , im+n, 1)-cell, then there exists f , g ∈

C(D) with f < g such that C = ( f , g)D. Again, by taking, fa, ga : Da → M given by

fa(x) = f (a, x) and ga(x) = g(a, x), we conclude that Ca = ( fa, ga)Da and therefore Ca is

an (im+1, . . . , im+n, 1)-cell.

To recap, we have a decomposition D of Mn × Mn that partitions S and we have estab-

lished that, for any (i1, . . . , im, im+1, . . . , im+n)-cell C inD, π(C) ⊆ Mm is an (i1, . . . , im)-cell

and Ca ⊆ Mn is an (im+1, . . . , im+n)-cell, for each a ∈ π(C). In particular, note that for

each a ∈ π(C),

tdim(C) = tdim(π(C)) + tdim(Ca)

Let π(D) denote the set {π(C) : C ∈ D}, and let A ∈ π(D) be any cell. Let C1, . . . , Ck

be all the cells in D contained in S such that π(Ci) = A, for all i = 1, . . . , k and note that

for each a ∈ A, Sa = (C1)a ∪ . . . ∪ (Ck)a is a decomposition of Sa into finitely many cells.
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Then

tdim(Sa) = max
i=1,...,k

tdim((Ci)a)

= max
i=1,...,k

(
tdim(Ci)− tdim(π(Ci))

)
= max

i=1,...,k

(
tdim(Ci)− tdim(A)

)
= max

i=1,...,k

(
tdim(Ci)

)
− tdim(A)

Let d = tdim(Sa), and note that, no matter which a ∈ A we chose, we will allays have that

tdim(Sa) = d, which means that A ⊆ S(d). This implies that S(d) is a finite union of cells:

If a ∈ S(d), then, because π(D) is a decomposition of Mm, there exists a cell A ∈ π(D)

such that a ∈ A. As we just proved, this implies that A ⊆ S(d), and as there are only

finitely many cells by definition of a decomposition, S(d) is the union of finitely many of

cells, and thus definable.

Continuing where we left off, with d = tdim(Sa), note the following

d = max
i=1,...,k

(
tdim(Ci)

)
− tdim(A)

= tdim

 k⋃
i=1

Ci

− tdim(A) (∗1)

Now, for each a ∈ A, we have that Sa =
⋃k

i=1(Ci)a. Furthermore, for each i = 1, . . . , k,

note that Ci =
⋃

a∈A({ a } × (Ci)a). With this, we can deduce that:

⋃
a∈A

{ a } × Sa =
⋃

a∈A

k⋃
i=1

{ a } × (Ci)a =
k⋃

i=1

Ci

Imputing this equality back on (∗1), we obtain:

d = tdim

⋃
a∈A

{ a } × Sa

− tdim(A)

And thus, rearranging the expression, we conclude that tdim
(⋃

a∈A { a } × Sa
)
= tdim(A)+

d, and denote this expression by (∗2) so we can refer back to it.

As we saw in the begging of the proof, there exists A1, . . . , Al ∈ πD such that S(d) =

A1 ∪ . . . ∪ Al is a cell decomposition of S(d). As such:



FCUP 100

Definable Semigroups in o-Minimal Structures

tdim

 ⋃
a∈S(d)

{a} × Sa

 = tdim

 l⋃
i=1

⋃
a∈Ai

{a} × Sa


= max

i=1,...,l
tdim

 ⋃
a∈Ai

{a} × Sa


= max

i=1,...,l
(tdim(Ai) + d) (by (∗2))

= tdim

 l⋃
i=1

Ai

+ d

= tdim(S(d)) + d

And with this we conclude the proof for this proposition, as d = 0, . . . , n is arbitrary.

One of the main uses of this proposition is that it allows us to prove the following results,

which are all properties that any ”good” definition of dimension should satisfy.

Corollary 2.1.30. Let M be o-minimal.

i) Let S ⊆ Mm × Mn be definable. Then tdim(S) = max0≤d≤n(tdim(S(d)) + d). Fur-

thermore, tdim(S) ≥ tdim(π(S)), where π : Mm × Mn → Mm is the projection onto

the first m-coordinates;

ii) If X ⊆ Mn is definable, and f : X → Mm is a definable map. Then, for each

d ∈ {0, . . . , n}, the set S f (d) = {a ∈ Mm : tdim( f−1({a})) = d} is definable and

tdim( f−1(S f (d))) = tdim(S f (d)) + d. Furthermore tdim(X) ≥ tdim( f (X));

iii) If X ⊆ Mn and Y ⊆ Mm are definable, then tdim(X × Y) = tdim(X) + tdim(Y);

Proof. (i) Note that

S =
n⋃

d=0

⋃
a∈S(d)

{a} × Sa
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From this we can conclude that:

tdim(S) = tdim

 n⋃
i=0

⋃
a∈S(d)

{a} × Sa


= max

d=0,...,n
tdim

 ⋃
a∈S(d)

{a} × Sa

 (by (iii) in Proposition 2.1.28)

= max
d=0,...,n

(
tdim(S(d)) + d

)
(by Proposition 2.1.29)

Additionally, as π(S) =
⋃

0≤d≤n S(d), from Proposition 2.1.28, we conclude that tdim(S) ≥

tdim(π(S)).

(ii) Let S = {( f (x), x) : x ∈ X} ⊆ Mm × Mn. Note that, for any a ∈ Mm,

Sa = {x ∈ Mm : (a, x) ∈ S} = {x ∈ Mm : f (x) = a} = f−1({a})

and thus, for any d ∈ {0, . . . , n},

S(d) = {a ∈ Mm : tdim(Sa) = d} = {a ∈ Mm : tdim( f−1({a})) = d} = S f (d)

Therefore, by Proposition 2.1.29, S f (d) is definable.

Now, note that tdim(X) = tdim(S) by Proposition 2.1.28, as the map x 7→ ( f (x), x) is a

definable bijection. By (i),

tdim(X) = tdim(S) ≥ tdim(π(S)) = tdim( f (X))

(iii) Let S = A × B. For each a ∈ A, Sa = B. This implies that S(d) = ∅ if d 6= tdim(B)

and S(d) = A if d = tdim(B). Recall that by definition, tdim(∅) = −∞. This together with

(i) allows us to conclude the following:

dim(A × B) = max
0≤d≤n

(tdim(S(d)) + d)

= max{−∞, tdim(S(tdim(B)) + tdim(B)}

= tdim(A) + tdim(B)

When I stated Proposition 2.1.25, I mentioned that we would return to it later with a ”differ-

ent approach.” That approach is, in fact, the concept of topological dimension. As it turns

out, we have already established the very same properties listed in Proposition 2.1.25,

but in the context of topological dimension. The next theorem shows that these results
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directly imply Proposition 2.1.25.

Theorem 2.1.31. Let M be o-minimal and X ⊆ M be definable. Then

tdim(X) = dim(X)

Proof. Note that ifM is not sufficiently saturated, wemay consider a sufficiently saturated

elementary extension of M, so without loss of generality, assume that M is sufficiently

saturated.

Claim: If C ⊆ Mn is a cell, then tdim(C) = dim(C).

We will use induction over n.

Let n = 1, C ⊆ M be a cell and, by adding any parameters as constants in the language,

assume that C is ∅-definable. If C is an 0-cell, i.e. C = {x}, then dim(x/∅) = 0 and

therefore dim(C) = 0. Assume now that C is an 1-cell, and for the sake of contradiction

assume that dim(C) = 0. Then, for all x ∈ C, dim(x/∅) = 0, i.e. {x} is ∅-definable. As

C ⊆ ⋃
x∈X{x}, by Lemma 1.8.7, C is finite, which contradicts the fact that tdim(C) = 1.

Assume now that the claim is true for n, let C ⊆ Mn+1 be a cell, and without loss of gen-

erality, assume again that C is ∅-definable. Start by assuming that C is an (i1, . . . , in, 0)-

cell, i.e. fixing X = π(C) ⊆ Mn, where π is the projection onto the first n coordi-

nates, there exists f ∈ C(X) such that C = Γ( f ). Let ā = (a1, . . . , an, an+1) ∈ C,

then an+1 = f (a1, . . . , an), i.e. an+1 ∈ acl(ā \ {an−1}). This implies that dim(ā/∅) =

dim((a1, . . . , an)/∅), i.e. dim(C) = dim(X). By the induction hypothesis, dim(X) =

tdim(X) and by de definition of topological dimension, tdim(X) = tdim(C).

On the other hand, assume that C is an (i1, . . . , in, 1)-cell. Then by setting X = π(C) ⊆

Mn, where π is the projection onto the first n coordinates, there exists f , g ∈ C(X) with

f < g such that C = ( f , g)X. Let ā = (a1, . . . , an) ∈ Xn be a tuple such that dim(ā/∅) =

dim(X), and let (b1, . . . , bk) be a maximal independent sub-tuple of ā (i.e. k = dim(X)).

I claim that there exists x ∈ Cā such that (a1, . . . , ak, x) is independent. For that, assume

that this is not the case and let x ∈ Cā. Then, by our assumption, (a1, . . . , ak, x) is not

independent, which means that at least one of the following is true:

x ∈ acl(ā) or ai ∈ acl(ā \ {ai} ∪ {x}), for some i = 1, . . . , k.
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Regarding the latter, note that as ai 6∈ acl(ā \ {ai}), due to the fact that ā is independent,

then we have that

ai ∈ acl(ā \ {ai} ∪ {x}) \ acl(ā \ {ai})

which, by the exchange property, implies that x ∈ acl(ā), so wither way, we conclude that

x ∈ acl(ā).

As, by Proposition 2.0.2. in an ordered structure acl = dcl, we conclude that each single-

ton {x} in Cā is ā-definable, and by Lemma 1.8.7, this would imply that Cā is finite, contra-

dicting the fact that tdim(Cā) = 1. Therefore, there exists x ∈ Cā such that (a1, . . . , ak, x)

is independent.

This proves that dim(C) ≥ dim(X)+ 1. On the other hand, note that dim(C) > dim(X)+

1 is impossible. This is because, given (a1, . . . , an, b) ∈ C, any sub-tuple with length at

least dim(X) + 2 would contain at least dim(X) + 1 many elements from {a1, . . . , an},

therefore such sub-tuple would not be independent as that would contradict the fact that

dim((a1, . . . , an)/∅) ≤ dim(X).

So, the fact that dim(C) = dim(X) + 1, in addition to the fact that, by the induction

hypothesis, tdim(X) = dim(X) allows us to conclude that:

dim(C) = dim(X) + 1 = tdim(X) + 1 = tdim(C)

Thus proving the claim.

Now for the general case, let X ⊆ Mn definable set (again, we assume that X is ∅-

definable) and let X = C1 ∪ . . . ∪ Ck be a cell decomposition of X.

Claim: dim(X) = maxi=1...,k dim(Ci).

Start by noting that for each i = 1, . . . , k, Ci ⊆ X implies that dim(Ci) ≤ dim(X), meaning

that maxi=1...,k dim(Ci) ≤ dim(X). On the other hand, let x ∈ X such that dim(x/∅)

is maximum among other elements of X. Then x ∈ Ci for some i = 1, . . . , k, which in

particular, means that dim(X) ≤ dim(Ci), and therefore dim(X) ≤ maxi=1...,k dim(Ci).

With this, we can conclude that

dim(X) = max
i=1...,k

dim(Ci)

= max
i=1...,k

tdim(Ci)

= tdim(X)
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Concluding the proof.

Due to this theorem, from now on, we will simply write dim(X) for both the geometric

dimension and the topological dimension of X. Before I end this section I would like to

present two results about dimension that will be useful later on.

Proposition 2.1.32. Let X ⊆ Mn be definable. Then dim X ≥ k + 1 if and only if there

exists a definable equivalence relation E on X such that E has an infinite number of equiv-

alence classes of dimension at least k.

Proof. For the proof see Proposition 1.8 of [9]

Lemma 2.1.33. Let M be o-minimal, let S ⊆ Mn be definable and let E be a definable

equivalence relation on S such that:

(i) There exists a definable set Y ⊆ Mm and a definable surjective map f : S → Y such

that xEy if and only if f (x) = f (y);

(ii) each equivalence class of E has dimension k.

Then dim(S/E) = dim(S)− k, where S/E is identified with Y (see Section 1.9).

Proof. The proof is a simple application of Corollary 2.1.30. For d = 0, . . . , n, define

S f (d) = {y ∈ Y : dim f−1({y}) = d}

Note that if y ∈ Y, then f−1({y}) is simply an equivalence class of E and therefore,

dim f−1({y}) = k for all y ∈ Y. In particular, S f (k) = Y. From (ii) in Proposition 2.1.30, we

have that dim( f−1(S f (k))) = dim(S f (k)) + k, which simplifies to dim(S) = dim(Y) + k,

and rearranging this expression we obtain, dim(Y) = dim(S)− k.

In particular, if M has elimination of imaginaries, condition (i) is always verified.

2.2. Definable Groups in O-minimal Structures

Before starting I would like to fix the following:

For the rest of this chapter, unless stated otherwise, all structures we are work-

ing with are assumed to be sufficiently saturated.
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This assumption is mainly to simplify the proofs, and in general the results we will see

remain true even if M is not saturated, and can be proven by passing to a sufficiently

saturated elementary extension. Additionally, until now, we have used the notation Aā

to denote the set A ∪ ā, but from this point on we will denote this union by A_ ā to avoid

confusion.

The principal object of study in this section are definable groups. A definable group G

in some o-minimal structure M is a definable subset G ⊆ Mn, for some n ≥ 1, with a

definable group operation, i.e. a group operation that is definable as a function from G×G

to G.

We start by proving some technical lemmas before presenting the first main theorem of

this section.

Lemma 2.2.1. Let f : Mn → Mn be an A-definable bijective map, and ā ∈ Mn. Then

dim(ā/A) = dim( f (ā)/A).

Proof. Add the elements of A to the language so that we may assume that A = ∅. Start

by noting that (ā, f (ā)) ⊆ acl(ā) and (ā, f (ā)) ⊆ acl( f (ā)). Let ā′ ⊆ ā be a maximal

independent sub-tuple of ā.

Claim: ā′ is a maximal independent sub-tuple of (ā, f (ā))

Trivially, ā′ is an independent sub-tuple of (ā, f (ā)). Assume, aiming for a contradiction,

that ā′ is not a maximal independent sub-tuple, i.e. there exists b ∈ (ā, f (ā)) \ ā′ such that

ā′_b is independent. Start by noting that b can not be an element of ā, since that would

contradict the maximality of ā′ inside of ā. So b has to be an element of f (ā). However, we

had already established that f (ā) ⊆ acl(ā), and as ā′ is a maximal independent sub-tuple

of ā, we have that ā ⊆ acl(ā′), i.e. f (ā) ⊆ acl(ā′), and in particular, b ∈ acl(ā′), which

contradicts the fact that ā′b is independent.

This claim proves that dim((ā, f (ā))/∅) = dim(ā/∅). An analogous argument shows

that dim((ā, f (ā))/∅) = dim( f (ā)/∅) and therefore dim(ā/∅) = dim( f (ā)/∅).

Recall the definition of a generic point from Definition 2.1.23.

Lemma 2.2.2. Let G be a definable group in an o-minimal structure M.

i) Let b ∈ G and let a be a generic of G over b. Then b · a is a generic of G over b;
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ii) For any b ∈ G, there exists generics b1, b2 of G over b such that b = b1 · b2.

Proof. i) We have that dim(G) = dim(a/b), and by Lemma 2.2.1, dim(b · a/b) = dim(a/b),

meaning that dim(G) = dim(b · a/b), i.e. b · a is a generic of G over b.

ii) Let a be a generic of G over b. This implies, by Lemma 2.2.1 that a−1 is generic over b,

and by (i), b · a−1 is also generic over b. Letting b1 = b · a−1 and b2 = a we get the desired

result.

Lemma 2.2.3. Let G be a definable group in an o-minimal structure and let H be a defin-

able subgroup of G. Then dim H = dim G if and only if H has finite index in G.

Proof. Start by noting that for all a ∈ G, dim(H) = dim(Ha), as left multiplication is a

definable bijection.

Assume that dim H = dim G and consider the definable equivalence relation E on G given

by xEy ⇔ xy−1 ∈ H. The equivalence classes of E are {Ha : a ∈ G} and therefore, by

Proposition 2.1.32 if there were infinitely many equivalence classes of E, we would have

that dim G ≥ dim H + 1 which is not true. So H has finite index on G.

On the other hand, assume now that H has finite index on G, i.e. there exists a1, . . . , ak ∈ G

such that

G = Ha1 ∪ . . . ∪ Hak

by Proposition 2.1.28 (iii), we get that dim G = dim H, as dim(Hai) = dim(H) for all

i = 1, . . . , k.

I now introduce the concept of large sets, which will play a crucial role in the first main

theorem of this section. Intuitively, given a definable set X and a definable subset Y ⊆ X,

we say that Y is large in X if it has the same dimension as X, and removing Y from X

leaves behind something of strictly smaller dimension.

Definition 2.2.4. Let M be o-minimal, X ⊆ Mn be a definable set and Y ⊆ X be a

definable subset. We say that Y is large in X or that Y is a large subset of X, if dim(X \

Y) < dim(X).

The following is an alternative characterization of large sets, which is sometimes useful.

Lemma 2.2.5. Let M be o-minimal and Y ⊆ X be A-definable sets. Then Y is large in X

if and only if every generic point a of X over A is an element of Y.
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Proof. Fix dim X = n.

Start by assuming that Y is large in X and a ∈ X is a generic over A. If a 6∈ Y, then

a ∈ X \ Y, which is an A-definable set. By the definition of dimension, this implies that

dim(X \ Y) ≥ dim(a/A) = n, which contradicts the fact that Y is large in X.

Assume now that any generic of X over A is inY. IfY is not large in X, i.e. dim(X \Y) = n,

then there exists w ∈ X \ Y such that dim(w/A) = n. However, this would make w a

generic of X over A and therefore an element of Y, which is a contradiction. So Y is large

in X.

Before proceeding further, we need the following technical model-theoretic lemma:

Lemma 2.2.6. Let M be a structure (not necessarily saturated) and A ⊆ B ⊆ M be

subsets. If p ∈ SM
n (A) is finitely satisfiable in A, then there exists a type q ∈ SM

n (B) such

that p ⊆ q and q is finitely satisfiable in A.

Proof. Let p ∈ SM
n (A) be finitely satisfiable over A, and consider the set

Σ = p ∪ {¬φ : φ ∈ LB and M 6|= φ[a], for all a ∈ A}

I start by showing that Σ is a (incomplete) type over B, i.e. that ThB(M)∪ Σ is satisfiable.

Let p0 ∪ {¬φ1, . . . ,¬φk} be a finite subset of Σ with p0 ⊆ p. As p is finitely satisfiable over

A, there exists a ∈ A such that M |= ψ[a], for all ψ ∈ p0. By construction, M 6|= φi[a],

for all i = 1, . . . , k, i.e. M |= ¬φi[a] for all i = 1, . . . , k. Thus ThB(M) ∪ Σ is finitely

satisfiable, and by compactness, satisfiable. By Lemma 1.7.8, there exists q ∈ SM
n (B)

such that p ⊆ Σ ⊆ q. All that is left to show is that q is finitely satisfiable over A. Let

Λ ⊆ q be a finite subset, and assume, for the sake of contradiction, that for all a ∈ A, we

have M 6|= ∧
φ∈Λ φ[a]. Then, by construction, ¬∧φ∈Λ φ ∈ Σ ⊆ q. This would mean that

¬∧φ∈Λ φ ∈ q, which is a contradiction since Λ ⊆ q implies that
∧

φ∈Λ φ ∈ q.

Lemma 2.2.7. Let G be a definable group in an o-minimal structure M and let X be a

large definable subset of G. Then finitely many translations of X cover G.

Proof. Let M0 � M be a small elementary substructure such that X is M0-definable.

The following claim is at the heart of this lemma:

Claim: For each a ∈ G there exists b ∈ G(M0) such that a ∈ bX.
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Before proceeding, recall that G(M0) denotes the elements of M0 that satisfy the formula

that defines G. In particular,note that G(M0) 6= ∅ asM |= ∃xφ(x) andM0 ≡ M, where

φ is a formula with parameters from M0 that defines G. With this in mind, fix a ∈ G.

Let c∗ be a generic of G over M0 and consider the type p = tpM(c∗/M0). Then p is

finitely satisfiable in M0, and by Lemma 2.2.6, there exists a type q ∈ SM
n (M0 ∪ a) that

is finitely satisfiable in M0. As M is sufficiently saturated, there exists c ∈ M such that

q = tpM(c/M0 ∪ a).

Note that:

a) c ∈ G, as tpM(c∗/M0) = p = tp(c/M0);

b) c is a generic of G over M0. This is because c also realizes p, meaning that

dim(c/M0) = dim(p) = dim(c∗/M0)

Additionally, this also implies that c is a generic of G over M0 ∪ a. To see this let c′ be

a maximal sub-tuple of c independent over M0 and let a′ be a maximal sub-tuple of a

independent over M0. I claim that a′_c′ is an independent sub-tuple of a_c over M0. To

see this, assume that a′_c′ is not independent over M0, and let d ∈ a′_c′ be an element

such that d ∈ acl(M0 ∪ a′_c′ \ {d}).

Write c = (c1, . . . , cn) and without loss of generality, assume that c′ = (c1, . . . , ck).

We will start by examining the case where d ∈ a′. Let φ(v, w1, . . . , wk) be an LM0∪a′\{d}-

formula such that {d} = φ(M, c′). Consider the LM0∪a-formula ψ(w1, . . . , wn) given by:

∀v
(
φ(v, w1, . . . , wk) ↔ v = d

)
Then, by definition of φ, we have M |= φ[c], i.e. φ ∈ tpM(c/M0 ∪ a). However, by

definition of c, the type tpM(c/M0 ∪ a) is finitely satisfiable over M0, i.e. there exists ξ =

(ξ1, . . . , ξn) ∈ Mn
0 such that M |= ψ[ξ], and in particular, by the way we built the formula

ψ, this implies that {d} = φ(M, ξ1, . . . , ξk). Because ξ1, . . . , ξk are elements of M0, we

conclude that d ∈ acl(M0 ∪ a′ \ {d}), which contradicts the fact that a′ is independent, so

the case where d ∈ a′ is impossible.

On the other hand, assume that d ∈ c′. Let a′′ ⊆ a′ be minimal such that d ∈ acl(M0 ∪

a′′_c′ \ {d}). In particular, note that a′′ 6= ∅, since otherwise, we would get that d ∈

acl(M0 ∪ c′ \ {d}), which would contradict the fact that c′ is independent over M0. Let
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ξ ∈ a′′ be any element, and note that by minimality of a′′, we have that d 6∈ acl(M0 ∪

a′′_c′ \ {d, ξ}), i.e.:

d ∈ acl(M0 ∪ a′′_c′ \ {d}) \ acl(M0 ∪ a′′_c′ \ {d, ξ})

By the exchange property:

ξ ∈ acl(M0 ∪ a′′_c′ \ {ξ})

But then, we would have that ξ ∈ acl(M0 ∪ a′_c′ \ {ξ}), and because ξ ∈ a′′ ⊆ a′, this

would mean that ξ falls into the previous case, which we have already seen is impossible

To recap, we just proved that if c′ is a maximal sub-tuple of c independent over M0 and if a′

is a maximal sub-tuple of a independent over M0, then a′_c′ is an independent sub-tuple of

a_c over M0. Note that this implies that dim(a_c/M0) ≥ dim(a/M0) + dim(c/M0). On

the other hand, if a′ ⊆ a and c′ ⊆ c are sub-tuples such that a′_c′ is amaximal independent

sub-tuple of a_c over M0, then a′ is an independent sub-tuple of a over M0 and c′ is

an independent sub-tuple of c over M0, meaning that dim(a_c/M0) ≤ dim(a/M0) +

dim(c/M0), and thus establishing that dim(a_c/M0) = dim(a/M0) + dim(c/M0).

From Lemma 2.1.27, we also know that dim(a_c/M0) = dim(c/M0 ∪ a) + dim(a/M0),

and so we get that dim(c/M0 ∪ a) = dim(c/M0), meaning that c is a generic of G over

M0 ∪ a.

Now, as X is large in G, then X · a−1 is also large in G by Proposition 2.1.28. By Lemma

2.2.5, we have that c ∈ X · a−1, i.e. a ∈ c−1X. Let φ(v̄) be the formula that defines G and

ψ(v̄) be the formula that defines X. Consider the formula

χ(v̄) = φ(v̄) ∧ ∃x̄(ψ(x̄) ∧ a = v̄−1 · x̄)

As M |= χ[c], we conclude that χ ∈ tpM(c/M0 ∪ a). Moreover, this type is finitely

satisfiable in M0, meaning that there exists b ∈ M0 such that M |= χ[b]. In particular

M |= φ[b] (i.e. b ∈ G(M0)) and a ∈ b−1X, which proves the claim.

The set G is definable and Σ := {bV, b ∈ G(M0)} is a family of definable sets that cover G

(by the claim). By Lemma 1.8.7, there exists b1, . . . , bk such that G = b1V ∪ . . . ∪ bkV.

2.2.1 The t-Topology

The following is a central theorem in the development of the theory of definable groups

in o-minimal structures. As we will see, it is of paramount importance and enables us to
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establish strong results about the nature of such groups, so much so that, from this point

onward, we will use it frequently - either directly or indirectly through results whose proofs

depend on it.

Theorem 2.2.8. Let G be an A-definable group in an o-minimal structureM with dim G =

n. Then, there exists a large A-definable subset V of G and a unique topology t on G such

that:

i) Multiplication and inversion are continuous with respect to the topology t, i.e. G

equipped with the topology t is a topological group;

ii) V is a finite disjoint union of A-definable sets U1, . . . , Uk such that each Ui is open

with respect to t and there is an A-definable homeomorphism between Ui (with the

topology induced by t) and an open subset of Mn.

When talking about topological concepts with respect to the t-topology it is common to

write t- before the property to emphasize which topology we are working with. For ex-

ample, if A ⊆ G is a subset of G, then A being open means that it is open with respect

to the topology of Mn, while A being t-open means that it is open with respect to the t

topology on G. The same goes for other topological concepts, like t-closed, t-connected,

t-compact, etc…

I will only sketch the construction of this topology, highlighting the key aspects that we will

need in order to prove certain properties about it. For the full construction and detailed

proof, see [9].

In a nutshell, the construction of the topology goes as follows: The author constructs a

large definable open set V ⊆ G and defines X ⊆ G to be t-open if, for all g ∈ G, the

set gX ∩ V is open. In particular, V is t-open. Furthermore, the topology induced in V by

t coincides with the topology in Mn, i.e. X ⊆ V is t-open if and only if it is open in the

ambient topology.

The basis for this topology is definable. In fact, given g a generic of G and {Ui : i ∈ I} a

definable neighborhood basis of g, then the family {hUi : i ∈ I, h ∈ G} forms a basis for

the t topology in G.

The rest of this subsection is dedicated to exploring some results that follow from con-

sidering G with the t topology. These results have been included solely based on their

relevance for later sections of Chapter 3, so by all means, they are not intended to be
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considered the main consequences or the most important corollaries of the existence of

the t topology.

Lemma 2.2.9. Any definable subset Z ⊆ G is a finite union of t-locally closed definable

subsets of G.

Proof. Let Z ⊆ G be definable and V be the large open subset of G used in the con-

struction of the topology t. By Lemma 2.2.7, there exists a1, . . . , ak ∈ G such that G =

a1V ∪ . . . ∪ aKV which means that we can write Z as

Z = (Z ∩ a1V) ∪ . . . ∪ (Z ∩ akV)

it is enough to show that for each i = 1, . . . , k, the set Z ∩ aiV is a finite union of t-

locally closed definable subsets of G. Start by noting that Z ∩ aiV = ai(a−1
i Z ∩ V). The

set a−1
i Z ∩ V is a definable subset of V, and by o-minimality we can write a−1

i Z ∩ V =

C1 ∪ . . . ∪ Cl where each Cj is a cell. From Proposition 2.1.13, each Cj is locally closed

and because the t-topology in V is equal to the topology in Mn, each Cj is t-locally closed.

As left multiplication by ai is an homomorphism, aiCj is t-locally closed for each j, meaning

that

Z ∩ aiV = ai(a−1
i Z ∩ V) = aiC1 ∪ . . . ∪ aiCl

is the finite union of t-locally closed sets.

One consequence of the cell decomposition theorem, is any definable set X ⊆ Mn can be

written as a finite disjoint union of definably connected definable sets, with respect to the

ambient topology of Mn. We will now see that this is also the case for definable subsets

of G.

Lemma 2.2.10. Any definable subset Z ⊆ G is a finite disjoint union of definably t-

connected definable sets.

Proof. Let Z ⊆ G be definable and V be the large open subset of G used in the con-

struction of the topology t. By Lemma 2.2.7, there exists a1, . . . , ak ∈ G such that G =

a1V ∪ . . . ∪ aKV. Let X1 = Z ∩ a1V and for each i = 2, . . . , k, define recursively

Xi = (Z ∩ aiV) \ (X1 ∪ . . . ∪ Xi−1)

Then:
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(i) Z = X1 ∪ . . . ∪ Xk;

(ii) The sets X1, . . . , Xk are definable and pairwise disjoint;

(iii) For each i = 1, . . . , k, Xi ⊆ aiV.

it is enough to show that each Xi is a finite disjoint union of definably t-connected definable

sets. We have that a−1
i X ⊆ V is a definable subset of V. By cell decomposition, we can

write a−1
i X as a disjoint union C1 ∪ . . . ∪ Cl of cells. From Proposition 2.1.15, each Cj is

definably connected and thus definably t-connected, as the t-topology in V coincides with

the topology of Mn. Left multiplication by ai is a homeomorphism, meaning that each aiCj

is definably t-connected. As Xi = aiC1 ∪ . . . ∪ aiCk, we conclude the result.

In particular, the group G is itself a finite union of definably t-connected definable subsets.

Before continuing, I need two general lemmas about topological spaces and topological

groups, which are pretty standard and as such, I will not present a proof.

Lemma 2.2.11. Let X be a topological space and Y ⊆ X a non-empty subset. Let A ⊆ X

be a boolean combination of open sets, and let B = X \ A. Then either Y ∩ A or Y ∩ B

has non-empty interior in Y (with the induced topology).

Lemma 2.2.12. Let G be a topological group and H be a subgroup of G. Then:

(i) The closure H̄ of H is a subgroup of G;

(ii) If H has non-empty interior, then H is open;

(iii) If H is open, then H is closed.

With these two lemmas, we can prove the following interesting corollary:

Corollary 2.2.13. Any definable subgroup H ≤ G is t-closed.

Proof. Let H be a definable subgroup of G, and by Lemma 2.2.12, the closure with respect

to t H̄ is also a subgroup of G. It is enough to show that H̄ = H. We want to apply

Lemma 2.2.11 with X = Y = H̄ and A = H. For that, we first need to show that H

is a boolean combination of open sets of H̄, with the topology induced by t. By Lemma

2.2.9, we can write H = F1 ∪ . . . ∪ Fk where each Fi is a t-locally closed definable set

in G, and thus a boolean combination of t-open sets. Intersecting with H̄ we get that
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H = (H̄ ∩ F1) ∪ . . . ∪ (H̄ ∩ Fk), and now each H̄ ∩ Fi is locally closed in H̄ with respect to

the topology induced by t, thus a boolean combination of open sets if H̄.

Now, note that H̄ \ H has empty interior in H̄, and so by Lemma 2.2.11, H has non-empty

interior in H̄. By Lemma 2.2.12 H is open in H̄ and thus, by the same lemma, closed in

H̄ and thus H = H̄, meaning that H is closed in G.

The following result is due to M. Edmundo [15], and heavily relies on the existence of the

t-topology.

Theorem 2.2.14. Let G be a definable group and H be a definable normal subgroup of

G. Then the family {gH, g ∈ G} has definable choice, i.e. G/H is definable.

This theorem together with Lemma 2.1.33 allows us to conclude the following.

Corollary 2.2.15. Let G be a definable group and H a definable subgroup. Then dim(G/H)

is equal to dim G − dim H.

We already know that any definable subgroup of a definable group is t-closed. The fol-

lowing lemma gives equivalent conditions for it to also be t-open.

Lemma 2.2.16. Let H ≤ K ≤ G be definable subgroups of G. The following are equiva-

lent:

(i) H is t-open in K (with the induced topology);

(ii) H has finite index on K;

(iii) dim H = dim K.

Proof. Note that (ii) ⇔ (iii) by Lemma 2.2.3.

(ii) ⇒ (i) Assume now that H has finite index on K. Then, there exists a1, . . . , ak ∈ K such

that K = H ∪ a1H ∪ . . . ∪ ak H. By Corollary 2.2.13, H is t-closed and as left multiplication

is an homeomorphism, each ai H is t-close. As we can write H as H = K \⋃k
i=1 ai H, we

conclude that H is t-open.

(i) ⇒ (ii) Assume that H is t-open in K, which by Corollary 2.2.13, implies that H is

actually t-clopen. By Lemma 2.2.10, we can write K = K1 ∪ . . . ∪ Km, where each Ki is

a definable, definably t-connected subset of G, and the union is disjoint. Now, note that
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for any g ∈ K, gH is t-clopen, and therefore, for each i = 1, . . . , m, either gH ∩ Ki = ∅

or gH ∩ Ki = Ki, since any other option would contradict the fact that Ki is definably t-

connected, as it would contain a proper clopen subset. This means that there are at most

2m possibilities for gH and so the index of H in K is at most 2m.

Theorem 2.2.17. Let G be a definable group. Then there are only finitely many definable

subgroups H of G such that dim H = dim G.

Proof. Let H be a definable subgroup of G with dim H = dim G. Start by noting that H is

t-clopen, by Corollary 2.2.13 and Lemma 2.2.16. Let V be the large definable subset of G

used in Theorem 2.2.8 to define the t-topology. Decompose V into the disjoint union of k

cells, and note that each of them is t-definably connected. As H is t-clopen, then each cell

is either disjoint from H or contained in H. This leaves us with 2k possible sets of the form

H ∩V where H is a definable subgroup of G with dim(G) = dim(H). As H = H̄ = H ∩ V,

we get that there are at most 2k definable subgroups of G with dim(G) = dim(H).

The following is an important and often very useful corollary of this theorem:

Corollary 2.2.18. There is no infinite strictly descending chain of definable subgroups

of G (this property is called the descending chain condition, sometimes abbreviated to

DCC).

Proof. Assume that there exists an infinite descending chain G < H1 < . . . < Hk < . . ..

Then dim G ≤ dim H1 ≤ . . . ≤ dim Hk ≤ . . .. As dim Hk is finite for all k, there exists

N ∈ N such that n > N implies that dim Hn = dim HN. However, this would imply

that there exists an infinite amount of subgroups of HN with dim Hn = dim HN, which

contradicts Theorem 2.2.17.

One example of an application of the DCC in definable groups is the following corollary,

which guarantees the existence of a smallest definable subgroup containing any given

subset, even if said subset is not definable.

Corollary 2.2.19. Let G be a definable group and A ⊆ G be a subset. Then, there exists

a definable subgroup 〈A〉def containing A such that, for any definable subgroup T with

A ⊆ T, we have that 〈A〉def ⊆ T.

Proof. Let

Γ = {T : T is a definable subgroup of G with A ⊆ T}
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I claim that 〈A〉def can be taken to be
⋂

T∈Γ T. For this, it is enough to verify that
⋂

T∈Γ T

is definable, as the minimality comes trivially.

Let κ = |Γ| and let Γ = {Tα : α < κ} be an enumeration of Γ. For each ordinal α < κ, we

define

Kα =


⋂

β≤α Tβ , if α is successor ordinal⋂
β<α Tβ , if α is a limit ordinal

Start by noting that, for any α < ω, Kα is a finite intersection of definable sets and hence,

definable. Also, note that Kω = KN for some N < ω by the DCC.

Claim: Kα is definable for all α < κ.

We proceed via induction.

Let α+ < κ be a successor ordinal, and assume that Kα is definable. Then Kα+ = Kα ∩ Tα+

which is definable.

Now, let α < κ be a limit ordinal and assume that for all β < κ, Kβ is definable.

Note that there exists β < α such that for all ordinals γ with, β ≤ γ < α we have that

Kβ = Kγ. Indeed, if this is not the case, one could build an infinite countable descending

chain of definable subgroups, which would contradict the DCC. This means that Kα =⋂
γ<α Tγ =

⋂
γ<α Kγ = Kβ which is definable.

The fact that Kα is definable for each ordinal α < κ means that {Kα : α < κ} forms a

descending chain of definable subgroups of G, with Kα ⊇ Kβ when α ≤ β < κ. By the

same argument we did before, there exists β < κ such that for all β ≤ γ < κ implies that

Kβ = Kα. As such Kβ =
⋂

α<κ Kα =
⋂

α<κ Tα =
⋂

T∈Γ T = 〈A〉def.

2.3. Definable spaces

The aim of this section is to isolate some important properties of the t-topology by defining

a new object of interest: Definable spaces. Intuitively, a definable space is a set (not

necessarily definable) such that each point has a ”definable-like” neighborhood. This

section mainly follows Chapter 10 in [7].

Definition 2.3.1. Let X be an arbitrary set (not necessarily definable). A definable atlas

on X relative to M is a finite family (Ui, φi)i∈I such that:

i) For each i ∈ I, Ui ⊆ X and X =
⋃

i∈I Ui;
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ii) For each i ∈ I, φi(Ui) ⊆ Mni is definable and φi : Ui → φi(Ui) is a bijection;

iii) For each i, j ∈ I, φi(Ui ∩ Uj) is definable and open in φi(Ui) with respect to the

topology induced by M;

iv) For each i, j ∈ I, each map φji := φj ◦ φ−1
i := φi(Ui ∩ Uj) → φj(Ui ∩ Uj) is a

definable homeomorphism.

Given a definable atlas on a set X, there is a very natural topology we can build based on

the following result from topology.

The following is a well known result from topology.

Theorem 2.3.2. Let X be a set and {Xi}i∈I be a collection of subsets of X such that

X =
⋃

i∈I Xi. Suppose that each set Xi has a topology τi such that: for each i, j ∈ I, the

set Xi ∩ Xj is open in Xi and Xj and the topologies on Xi ∩ Xj induced by Xi and Xj are

the same. Then, there exists a unique topology on X that induces in each Xi the topology

τi.

As I mentioned earlier, we will use this theorem to define a topology on X from a definable

atlas.

Corollary 2.3.3. Let X be a set and {Ui}i∈I be a collection of subsets of X such that

X =
⋃

i∈I Ui. For each i ∈ I, let φi : Ui → U′
i be a bijection from Ui to a topological space

U′
i such that:

1. For each i, j ∈ I, φi(Ui ∩ Uj) is open in U′
i ;

2. For each i, j ∈ I, each map φji := φj ◦ φ−1
i := φi(Ui ∩ Uj) → φj(Ui ∩ Uj) is a

homeomorphism.

Then, there exists a unique topology on X such that each Ui is open and the maps φ :

Ui → U′
i are homeomorphisms. In particular, Y ⊆ X is open if and only if φi(Y ∩ Ui) is

open for each i ∈ I.

Now, let X be a set and (Ui, φi)i∈I a definable atlas. For each i ∈ I, the set φi(Ui) is a

topological space when considering the topology induced by the order topology on the

ambient space M. By the definition of definable atlas, the cover {Ui}i∈I checks all the

boxes needed to apply Corollary 2.3.3. Given a definable atlas Γ = (Ui, φi)i∈I , we denote

by τΓ the topology induced by Γ in X defined this way.
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Definition 2.3.4. Let X be a set and Γ and Λ be two definable atlas overM. We say that

Γ and Λ are equivalent if Γ ∪ Λ is a definable atlas.

Note that ”being equivalent” is an equivalence relation between two definable atlases.

Lemma 2.3.5. Let X be a set and Γ and Λ be two equivalent definable atlas over M.

Then Γ and Λ induce the same topology on X.

Proof. Let Γ = (Ui, φi)i∈I and Λ = (Vj, ψj)j∈J. For each i ∈ I, Ui is open with respect to

τΓ∪Λ and φi is an homeomorphism. By uniqueness, τΓ = τΓ∪Λ. An analogous argument

shows that τΛ = τΓ∪Λ.

With this, we have the following definition of definable space.

Definition 2.3.6. A definable space X relative to M is a set X together with an equiva-

lence class of definable atlases on X. If Γ is a definable atlas from this equivalence class,

we say that Γ is compatible with X.

Equivalently, because of Corollary 2.3.3 and Lemma 2.3.5, we can define a definable

space X as a topological space with the unique topology induced by its equivalence class

of atlases.

Additionally, given a definable space X and a compatible definable atlas (Ui, φi)i∈I , we

say that X is a definable n-manifold or a definable manifold of dimension n if for each

i ∈ I, φi(Ui) ⊆ Mn is open.

In particular, note that any definable manifold is also a definable space.

Example 2.3.7.

• Let X ⊆ Mn be a definable set. Then X with the induced topology is a definable

space, where a representative for the equivalence class of definable atlases is the

trivial definable atlas {(X, id)}. Furthermore, if X is open in Mn, then it would be a

definable n-manifold.

• One important example we have already seen is that of definable groups. If G is a

group definable inM, then the t-topology from Theorem 2.2.8 makes G a definable

n-manifold.

Additionally, note that the same set can admit both a definable space structure and admit

a definable manifold structure that are not equivalent.
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Example 2.3.8. Let M = (R,+, ·, 0, 1) and let X = [0, 1). Let {(U1, φ1), (U2, φ2)} be a

definable atlas given by:

• U1 = {0} and φ1 : {0} → {0} is the identity;

• U2 = (0, 1) and φ2 : (0, 1) → (0, 1) is the identity;

Then X equipped with the definable atlas (Ui, φi)i=1,2 is a definable space, but not a de-

finable manifold.

On the other hand, consider the definable atlas {(V1, ψ1), (V2, ψ2)} given by:

• V1 = [0, 0.1) ∪ (0.9, 1) and ψ1 : V1 → (0, 0.2) given by

ψ1(t) =


t + 0.1 if t ∈ [0, 0.1)

t − 0.9 if t ∈ (0.9, 1)

• V2 = (0, 1) and ψ2 : (0, 1) → (0, 1) is the identity;

Then X equipped with the definable atlas (Vi, ψi)i=1,2 is a definable 1-manifold.

In particular, note that (Vi, ψi)i=1,2 and (Ui, φi)i=1,2 induce different topologies on X: X

equipped with (Ui, φi)i=1,2 has 0 as an isolated point, while X equipped with (Ui, φi)i=1,2

is homeomorphic to S1 and thus has no isolated points.

Recall that a topological space X is said to be regular if for any a ∈ X and closed set

F ⊆ X with a 6∈ F, there are disjoint open sets U and V such that a ∈ U and F ⊆ V.

In particular, a definable space X is regular if and only if for any a ∈ X and F ⊆ X definable

and closed, there are disjoint definable open sets U and V such that x ∈ U and F ⊆ V.

Lemma 3.5 of [16], expands on this in the following way.

Lemma 2.3.9. Any Hausdorff definable manifold is regular.

The last thing I want to discuss in this chapter is definable compactness. The notion of

definable compactness was introduced in [10] with the aim of providing a notion akin to

that of classical topological compactness, but more suitable in the context of o-minimality.

Definition 2.3.10. Let X be a definable space. We say that X is definably compact if

for every definable curve σ : (a, b) → X, with (a, b) ⊆ M, there exist α, β ∈ X such that

limx→a+ σ(x) = α and limx→b− σ(x) = β.
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Note that to show that a definable space X is definably compact, it is enough to show

that for any definable curve σ : (a, b) → X, at least one of the limits limx→a+ and limx→b−

exists.

Example 2.3.11. Let R = (R,+, ·, 0, 1) be the real field, let R∗ be a sufficiently saturated

elementary expansion ofR and consider the interval [0, 1] inR∗. This interval is definably

compact as it is closed and bounded (we will see this shortly), but not compact. To see

this, note that given any positive infinitesimal ε, then the open cover given by

[0, ε) ∪ {(x − ε, x + ε) : x ∈ (0, 1)} ∪ (1 − ε, 1]

has no finite subcover.

In [10], Y. Peterzil and C. Steinhorn proved the following result.

Theorem 2.3.12. Let S ⊆ Mn be a definable subset with the subspace topology. Then S

is definably compact if and only if S is bounded and closed.

In particular, in any o-minimal expansion of (R,<), a definable set S ⊆ Rn is definably

compact if and only if it is compact.

Y. Peterzil and A. Pillay provide another equivalent characterization of definable compact-

ness in [11], using the familiar condition that any open cover has a finite subcover, with

some necessarymodifications to capture the definable aspect of the definition. This, along

with other properties of definably compact spaces, will be explored in the next chapter.
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3. Definable Semigroups inO-minimal Structures

3.1. General semigroup Theory

I will begin this chapter by reviewing some basic results from semigroup theory that we

will use thoroughly in this chapter.

Recall that a semigroup is a pair (S, ·) where S is non-empty and · is a binary associative

operation on S. An element e ∈ S is called an idempotent if e2 = e, and the set of

idempotents of S is denoted by E(S) . Given a semigroup S, we say that I ⊆ S is a right

ideal of S if it is non-empty and, for all i ∈ I and s ∈ S, we have is ∈ I. Left ideals are

defined analogously and a subset is an ideal if it is a right and left ideal.

A monoid M is a semigroup with an identity, i.e. there exists an element e ∈ M such

that for all m ∈ M, em = me = m. Given a semigroup S, we define its induced monoid,

denoted by S1 as: If S is already a monoid, then S1 = S. If S is not a monoid, then consider

the set S ∪ {1}, where 1 is a new element and define the product ∗ in this set as:

s ∗ t =


s · t if s, t ∈ S

s if t = 1

t if s = 1

With this notation, the left ideal generated by an element s ∈ S is the subset S1s, the right

ideal is sS1 and the ideal generated by s is S1sS1.

Definition 3.1.1. Let S be a semigroup. For each s, t ∈ S define:

s ≤L t if S1s ⊆ S1t

s ≤R t if sS1 ⊆ tS1

s ≤J t if S1sS1 ⊆ S1tS1

Additionally, we define the following equivalence relations on (S, ·).
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L = ≤L ∩≥L

R = ≤R ∩≥R

J = ≤J ∩≥J

Note that these are definable equivalence relations on S. Furthermore, we define the

equivalence relation H as H = L ∩R.

Given two equivalence relations σ, ρ on a set X, we define their composition σρ as the

equivalence relation given by

(x, y) ∈ σρ ⇔ ∃z ∈ X : (x, z) ∈ σ ∧ (z, y) ∈ ρ

Proposition 3.1.2. Let S be a semigroup. Then RL = L R.

For the proof, see Proposition 2.1.3 in [17].

We define the relation D on a semigroup S as D = RL = L R, i.e. given s, t ∈ S, we

have s D t if and only if there is c ∈ S such that s L c R t.

Another possible definition of D is given by the fact that D is the smallest equivalence

relation containing both R and L . In turn, this implies that D ⊆ J .

The equivalence relations L , R, J , H and D are known as Green’s equivalence rela-

tions, which can be depicted in the following Hasse diagram

J

D

L R

H

For a given s ∈ S, it is usual to denote by Ls, Rs, Js, Hs and Ds the L , R, J , H and D

classes of s respectively.



FCUP 122

Definable Semigroups in o-Minimal Structures

Because inside a D-class, any R and L -classes have non-empty intersection, it is com-

mon to represent it as a diagram where the rows represent the R-classes inside a given

D-class, and the columns represent an L -class.

Hs

Ls

Rs

These kinds of diagrams are known as eggbox diagrams of a D-class.

Note that R is a left congruence, i.e. given s ∈ S and a R b, we have that sa R sb.

Analogously, L is a right congruence.

The following two results are essential when working with Green’s relations.

Lemma 3.1.3 (Green’s Lemma). Let S be a semigroup.

1. Let s, t ∈ S be such that s L t and let u, v ∈ S1 such that us = t and vt = s. Then,

the maps

φ : Rs → Rt

x 7→ ux

ψ : Rt → Rs

x 7→ vx

are mutually inverse bijections. Furthermore, for any x, x′ ∈ Rs, x H x′ if and only

if φ(x) H φ(x′).

2. Let s, t ∈ S such that s R t and let u, v ∈ S1 such that su = t and tv = s. Then, the

maps

φ : Ls → Lt

x 7→ xu
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ψ : Lt → Ls

x 7→ xv

are mutually inverse bijections. Furthermore, for any x, x′ ∈ Ls, x H x′ if and only

if φ(x) H φ(x′).

3. Let s, t ∈ S such that s D t, i.e. there exists r ∈ S such that s L r R t and let

u, v, w, z ∈ S1 such that us = r, vr = s, rw = t and tz = r. Then, the maps

φ : Hs → Ht

x 7→ uxw

ψ : Ht → Hs

x 7→ vxz

are mutually inverse bijections.

Proposition 3.1.4. Let S be a semigroup and a, b ∈ S be two elements in the same D-

class. Then, ab ∈ Ra ∩ Lb if and only if La ∩ Rb contains an idempotent.

For the proof of these two results, see Sections 2.2 and 2.3 of [17] respectively.

Note that any subgroup of a semigroup S is contained in a single H -class. This next

theorem, due to Green, gives equivalent conditions for anH -class to be itself a subgroup.

Theorem 3.1.5. [Green’s Theorem] Let S be a semigroup and s ∈ S. The following are

equivalent:

(1) Hs is a group;

(2) Hs contains an idempotent;

(3) s2 ∈ Hs;

(4) there exist x, y ∈ Hs such that xy ∈ Hs.

Note that by Green’s Lemma, all group H -classes inside the same D-class are isomor-

phic. For this, see Proposition 2.3.6 in [17].

By a simple semigroup, we mean a semigroup with no proper ideals.

The following is a useful alternative characterization of simple semigroups.
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Lemma 3.1.6. Let S be a semigroup. Then S is simple if and only if, for all a ∈ S, we have

SaS = S.

Proof. For any a ∈ S, SaS is an ideal. So S being simple implies that SaS = S.

On the other hand, assume that for all a ∈ S we have that SaS = S. Let I be an ideal of S

and fix a ∈ I. Then S = SaS ⊆ SIS ⊆ I, and this S = I.

Given a semigroup S and e, f ∈ E(S), we write e ≤ f if e f = f e = e. We call ≤ the natural

partial order on E(S).

Definition 3.1.7. Let S be a semigroup and e ∈ E(S). We say that e is primitive if for all

f ∈ E(S), f ≤ e ⇒ f = e.

Definition 3.1.8. We say that a semigroup S is completely simple if it is simple and has

at least one primitive idempotent.

Example 3.1.9.

• Any group is completely simple;

• A semigroup S is called a band if E(S) = S. A band S is called a rectangular band

if for all a, b ∈ S, we have aba = a. Any rectangular band is completely simple.

• If G is a group and B is a rectangular band, G × B is completely simple. Such

semigroups are called rectangular groups.

An important class of completely simple semigroups are Rees matrix semigroups, which

I will introduce now.

Definition 3.1.10 (Rees Matrix Semigroup). Let S be a semigroup, I, Λ be non-empty

sets, and let P : Λ × I → S be a function.

The Rees matrix semigroup M (I, S, Λ, P) is defined as the set I × S × Λ with operation

given by

(i, s, λ) · (j, t, µ) = (i, sP(λ, j)t, µ)

When dealing with Rees matrix semigroups, it is usual to denote P(λ, i) by pλi.

The importance of Rees matrix semigroups comes from the fact that they are the only

completely simple semigroups, up to isomorphism.
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Theorem 3.1.11 (Rees’s Theorem). Let S be a semigroup. S is completely simple if and

only if there exists a group G, non-empty sets I, Λ and a map P : Λ × I → G such that

S ' M (I, G, Λ, P).

Later we will need the construction used in the proof of Rees’s Theorem, and therefore

we shall prove it here.

Before proving the theorem we need the following auxiliary lemmas.

Lemma 3.1.12. Let S be a completely simple semigroup. Then, for all a ∈ S, we have

that Ra = aS.

Proof. Let e be a primitive idempotent of S.

We begin by proving that the result is true for e, i.e. Re = eS.

Let y ∈ Re. Then, there exists w ∈ S such that y = ew and thus y ∈ eS.

Now, let a = es ∈ eS, for some s ∈ S. Clearly a ≤R e, so all that is left to prove is that

e ≤R a, i.e. that there exists k ∈ S such that e = ak.

Note that

ea = ees = es = a

By Lemma 3.1.6, we know that SaS = S, i.e., there exist z, t ∈ S such that zat = e. Define

x := eze and y = te. Then we have the following identities including x, y, e:

e = xay

ex = xe = x

ye = y

With this in mind, set f := ayx. Then

f 2 = ayxayx = ayex = ayx = f

meaning that f is an idempotent. Note also that

e f = eayx = ayx = f

f e = ayxe = ayx = f
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so f ≤ e. As e is a primitive idempotent, we get that f = e, i.e. ayx = e, proving that

e ≤R a.

With Re = eS established, let a ∈ S.

By definition, we have that Ra ⊆ aS.

On the other hand, let b ∈ aS. By Lemma 3.1.6, SeS = S, and so there exists z, t ∈ S such

that zet = a, and thus b = zeu, for some u ∈ S.

Note that eu, et ∈ eS = Re, meaning that eu R et. As R is a left congruence, we get that

zeu R zet which is equivalent to b R a, i.e. b ∈ Ra.

With an analogous proof we can show the following lemma.

Lemma 3.1.13. Let S be a completely simple semigroup. Then, for all a ∈ S, we have

that La = Sa.

Lemma 3.1.14. Let S be a completely simple semigroup. Then, for all a, b ∈ S, we have

that ab ∈ Ra ∩ Lb

Proof. Let a, b ∈ S. Then ab ∈ aS ∩ Sb. By lemmas 3.1.13 and 3.1.12, we have that

ab ∈ Ra ∩ Lb.

This implies the following interesting corollary.

Corollary 3.1.15. Let S be a completely simple semigroup. EveryH -class of S is a group.

Proof. Let H be an H -class and a ∈ H. By Lemma 3.1.14, a2 ∈ Ra ∩ La = H. By

Theorem 3.1.5, H is a group.

In particular, in a completely simple semigroup, every H -class has a unique idempotent.

The last piece we need to prove Rees’s Theorem is the following observation.

Lemma 3.1.16. Let S be a completely simple semigroup. Then D = J . In particular, all

elements of S are in the same D-class.

Proof. Let a, b ∈ S and note that ab ∈ aS ∩ Sb = Ra ∩ Lb. Then a R ab L b, meaning that

a D b.



FCUP 127

Definable Semigroups in o-Minimal Structures

We can now easily prove Rees’s Theorem.

Proof. Let S be a completely simple semigroup, and fix an idempotent e ∈ S. Let G = He,

I = Le ∩ E(S), Λ = Re ∩ E(S) and P : Λ × I → G be given by (λ, i) 7→ λi.

I claim that S ' M (I, G, Λ, P), with isomorphism given by

φ : M (I, G, Λ, P) → S

(i, g, λ) 7→ igλ

Start by noting that given λ ∈ Λ and i ∈ I, then λi ∈ Rλ ∩ Li = Re ∩ Le = He = G, so P

is indeed a function with co-domain G.

I will start by showing that φ is a semigroup homomorphism:

φ((i, g, λ)(j, h, µ)) = φ(i, gPλ,ih, µ)

= igPλ,ihµ

= igλihµ

= φ(i, g, λ)φ(j, h, µ)

For the bijectivity, fix an H -class H and let a ∈ H. Let i ∈ Ra ∩ Le ∩ E(S) ⊆ I and

λ ∈ La ∩ Re ∩ E(S) ⊆ Λ (note that by Corollary 3.1.15, every H -class has an idempotent,

which guarantees the existence of such i and λ). By Green’s Lemma 3.1.3, the map

x 7→ ixλ is a bijection from G to H, which means that every element of H may be written

uniquely as igλ, for some g ∈ G. From this, it follows that φ is bijective.

Example 3.1.17. Following the examples given in Example 3.1.9, we have that:

• Given any group G, then G ' M (I, G, Λ, P), where I = Λ = {•} are sets with just

one element, and P : Λ × I → G maps (•, •) 7→ e;

• Given a rectangular band B, it is a well known fact in semigroup theory that there

are sets I and Λ such that B ' I × Λ where the product on I × Λ is given by

(i, λ)(j, µ) = (i, µ)

In fact, some authors define rectangular bands as being semigroups of the form

I × Λ with this multiplication. If we take G = {e} to be the trivial group, then B '

M (I, G, Λ, P) where P is the only map from Λ × I to G;
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• Given a rectangular group G × B, then G × B ' M (I, G, Λ, P), where B ' I × Λ as

described in the previous item, and P maps any element of Λ × I to e.

3.2. Preliminary Results on Definably Compact Definable Spaces

We start by fixing the following convention:

Unless stated otherwise, until the end of the chapter, M will be a sufficiently

saturated o-minimal structure with definable Skolem functions.

Before continuing, recall that any structure with definable choice also has definable Skolem

functions (see section 1.9). Surprisingly, in an o-minimal structure, the converse is also

true. In [18], the authors proved an o-minimal structureM having definable Skolem func-

tions is equivalent to M having definable choice.

The aim of this section is to prove some additional results about definable compactness

that we will use extensively.

Lemma 3.2.1. Let X be a definably compact Hausdorff definable space and Y ⊆ X be a

definable subset. Then Y is definably compact if and only if it is closed in X.

Proof. By Corollary 2.9 of [19], if Y is definably compact, then it is closed.

On the other hand, assume thatY is closed and let γ : (a, b) → Y be a definablemap. As X

is definably compact, there exists β ∈ X such that limt→b γ(t) = β. Then β ∈ Y = Y.

Lemma 3.2.2. Let f : X → Y be a continuous definable map between definable spaces.

If X is definably compact, then f (X) is definably compact.

Proof. Let γ : (a, b) → f (X) be a definablemap. For each s ∈ (a, b), let Hs = f−1(γ({ s })),

and consider the definable family {Hs : s ∈ (a, b)}. As M has definable Skolem func-

tions, there exists a definable map σ : (a, b) → X such that σ(s) ∈ Hs. In particular,

given s ∈ (a, b), σ(s) ∈ Hs implies that σ(s) ∈ f−1(γ({ s })), i.e. f (σ(s)) = γ(s).

As X is definably compact, there exists β ∈ X such that limt→b σ(t) = β. I claim that

limt→b γ(t) = f (β). Let U be an open neighborhood of f (β). Then f−1(U) is an open

neighborhood of β, meaning that there exists s ∈ (a, b) such that σ((s, b)) ⊆ f−1(U).

Then, f (σ((s, b))) ⊆ f ( f−1(U)) ⊆ U, and as f (σ((s, b))) is simply γ((s, b)), we obtain

the desired result.
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Lemma 3.2.3. Let X and Y be two definable spaces. Then X × Y is definably compact if

and only if both X and Y are definably compact.

Proof. Assume that X ×Y is definably compact and let πX : X ×Y → X be the projection

onto X. As X = πX(X ×Y), by Lemma 3.2.2 X is definably compact. A similar argument

shows that Y is definably compact.

On the other hand, assume that both X and Y are definably compact, and let γ : (a, b) →

X × Y be a definable map. Composing with the projections onto X and Y, we get two

definable maps γX : (a, b) → X and γY : (a, b) → Y. By definable compactness, there

exists βX ∈ X and βY ∈ Y such that limt→b γX(t) = βX and limt→b γY(t) = βY. Using the

fact that γ = (γX, γY), and that the projections onto X and Y are open, it is straightforward

to see that limt→b γ(t) = (βX, βY).

We will now give a useful alternative characterization of definable compactness. On [11],

Y. Peterzil and A. Pillay introduce the following: Let X ⊆ Mn be a definable set equipped

with the topology induced by Mn, and A ⊆ M. A family {Us : s ∈ P} of definable open

subsets of X is said to be a definable open cover of X parameterized by a complete type

over A if the family is uniformly definable, covers X and P is the set of realizations of some

complete m-type over A. In other words, there exists a formula φ(x1, . . . , xn, y1, . . . , ym)

and p ∈ SA
m(M) such that P = p(M) := {s ∈ Mn : s |= p} and, for all s ∈ P, Us =

φ(M, s).

The following is Theorem 2.3 in [11].

Theorem 3.2.4. Let X ⊆ Mn be an M0-definable set in M, where M0 is a small ele-

mentary substructure of M. The following are equivalent:

i) X is definably compact;

ii) If {Us : s ∈ P} is a definable open cover of X parameterized by a complete type

over M0, then it contains a finite subcover of X.

The goal for now is to generalize this to our setting before moving on. This generalization

is achieved by closely following the arguments given in [12].

Let X be a definable space. We say that X is definably normal if, given any two disjoint

definable closed sets F1, F2 ⊆ X, there are disjoint definable open sets U1, U2 such that

F1 ⊆ U1 and F2 ⊆ U2.
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Lemma 3.2.5 (Shrinking Lemma). Let D be a definable set with a Hausdorff definable

space structure, Ω a definably compact definable subset of D and U1, . . . , Uk definable

open subsets of D such that Ω =
⋃k

i=1(Ω ∩ Ui). Then, there are definable open sets

Vi ⊆ Ui, for each i = 1, . . . , k such that Vi ⊆ Ui and Ω =
⋃k

i=1(Ω ∩ Vi).

Proof. Start by noting that by Theorem 2.12 of [19], Ω is definably normal. We follow the

proof of the affine version of the Shrinking Lemma given in Chapter 6, Lemma 3.6 of [7].

The proof is by induction. Assume that for some l < k, the sets V1, . . . , Vl are already

defined such that, for each i = 1, . . . , l, Vi is a definable open subset of D with Vi ⊆ Ui,

Vi ⊆ Ui and V1, . . . , Vl , Ul+1, . . . , Uk covers Ω.

Consider the following two disjoint closed subsets of Ω

A = Ω \ Ul+1

B = Ω \

⋃
m≤l

Vm ∪
k⋃

j=l+2

Uj


As Ω is definably normal, there disjoint definable open sets A′ ⊇ A and B′ ⊇ B. Set Vl+1

to be B′.

We can slightly improve this lemma in the following way.

Lemma 3.2.6. Let D be a definable set with a Hausdorff definable space structure and

let (Ui, φi)i=1,...,l denote a definable atlas compatible with D. Given a definably compact

definable subset Ω of D, there are definable open subsets Vi ⊆ Ui for i = 1, . . . , l such

that, Vi ⊆ Ui, Ω =
⋃l

i=1(Ω ∩ Vi) and φi(Ω ∩ Vi) is a closed bounded subset of Mni .

Proof. By Lemma 3.2.5 there are definable open subsets Vi ⊆ Ui for i = 1, . . . , l such

that, Vi ⊆ Ui, Ω =
⋃l

i=1(Ω∩Vi). Note that, for each i = 1, . . . , l, Ω∩Vi is a closed subset

of Ω, and thus, by Proposition 3.2.1, definably compact. Note that, for each i = 1, . . . , l φi

is a homeomorphism. This implies that φi(Ω ∩ Vi) is a definably compact subset of Mni ,

and thus by Theorem 2.3.12, it is a closed and bounded definable subset of Mni .

Given a saturated structure M, a definable set X and a small elementary substructure

M0, the set of M0-conjugates of X is the set

{σ(X) : σ : M → M is an automorphism that fixes M0 pointwise}
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Let φ(x, y) be a formula and a ∈ M a parameter such that X = φ(M, a). Given an

automorphism σ : M → M, then σ(X) = φ(M, σ(a)). In particular, by Corollary 1.8.9,

this means that the set of M0-conjugates of X is actually the set

{X(t) : t |= tpM(a/M0)}

where X(t) denotes φ(M, t).

With this in mind, we say that the set ofM0-conjugates of X is finitely consistent if for every

finite number of elements t1, . . . , tn |= tpM(a/M0) the intersection X(t1) ∩ . . . ∩ X(tn) is

non-empty.

Proposition 3.2.7. Let D be a definable set with a Hausdorff definable space structure,

such that D is defined over a small elementary substructure M0 and Ω be a definably

compact definable subset of D also defined over M0. Given a definably compact defin-

able subset X ⊆ Ω, the following are equivalent:

i) The set of M0-conjugates of X is finitely consistent;

ii) X has some point in M0.

Proof. Let X = φ(M, a) for some paramater a ∈ M.

Start by assuming that X has a point in M0, and let that point be b ∈ X. Let t |=

tpM(a/M0). I claim that b ∈ X(t). In fact, by Corollary 1.8.9, there exists an auto-

morphism σ : M → M that fixes M0 pointwise such that σ(t) = a. So

b ∈ X(t) ⇔ M |= φ[b, t] ⇔ M |= φ[σ(b), σ(t)] ⇔ M |= φ[b, a] ⇔ b ∈ X

Thus, for any finite collection of elements t1, . . . , tn |= tpM(a/M0), we have that b is in

the intersection X(t1) ∩ . . . ∩ X(tn).

On the other hand, assume that the set of M0-conjugates of X is finitely consistent. Let

(Ui, φi)i=1,...,l be a definable atlas of D defined also overM0. By Lemma 3.2.6, we can find

open definable sets Vi ⊆ Ui such that, for each i = 1, . . . , l, Vi ⊆ Ui, Ω =
⋃l

i=1(Ω ∩Vi) =⋃l
i=1(Ω ∩ Vi) and, φi(Ω ∩ Vi) is a closed and bounded subset of Mni . Now, for each

i = 1, . . . , l, let Xi be the set Vi ∩ X = Vi ∩ X. We end up with a collection of closed

definable sets Xi such that X =
⋃l

i=1 Xi. Now, note that φi(Xi) is definably compact, and

thus, by Theorem 2.3.12, closed and bounded.
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Using Theorem 2.1 of [11], we conclude that the set ofM0-conjugates of φi(Xi) is finitely

consistent if and only if φi(Xi) has some point in M0. It is important to note that, in

this paper, the authors state Theorem 2.1 assuming that M is a saturated o-minimal

expansion of a real closed field. However, they remark that it is enough to assume that

M is a saturated o-minimal structure with definable choice, which by Theorem 1.1 of [18],

is the case in our setting.

Claim: For each i = 1, . . . , l, the set of M0-conjugates of Xi is finitely consistent if and

only if Xi has a point in M0.

Start by noting that φi is a definable bijection defined over M0. Consider the sentence ψ

given by

∃x(x ∈ Xi) ↔ ∃x(x ∈ φi(Xi))

As Xi is non-empty, we have thatM |= ψ, and asM0 � M is an elementary substructure

ofM, we are able to conclude thatM0 |= ψ, i.e. Xi has a point inM0 if and only if φi(Xi)

has a point in M0.

On the other hand, note that the set of M0-conjugates of Xi is finitely consistent if and

only if the set ofM0-conjugates of φi(Xi) is finitely consistent. To see this, start by noting

that given t |= tpM(a/M0), then:(
φi(Xi)

)
(t) = φi

(
Xi(t)

)
And, in particular, given t1, . . . , tk |= tpM(a/M0), we have that:

k⋂
j=1

(
φi(Xi)

)
(tj) =

k⋂
j=1

φi

(
Xi(tj)

)
= φi

 k⋂
j=1

Xi(tj)


where the last equality holds because each φi is bijective. This implies that

⋂k
j=1(φi(Xi))(tj)

is non-empty if and only if
⋂k

j=1 Xi(tj) is non-empty.

These two observations, together with the fact that the set of M0-conjugates of φi(Xi) is

finitely consistent if and only if φi(Xi) has some point in M0, proves the claim.

Note that to prove that X has some point in M0, it is enough to prove that Xi has some

point in M0 for some i and therefore, by the claim we just proved, it is enough to show

that the set of M0-conjugates of some Xi is finitely consistent.

For this, let a be some parameter in M over which X is defined.

By our assumption that the set ofM0-conjugates of X is finitely consistent, the set {X(t) :
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t |= tpM(a/M0)} is a partial type over M, and thus we can extend it to a complete type p

over M. Let b be a realization of p in some |M|+-saturated elementary extension M′ of

M. In particular,

b ∈
⋂
{X(t)(M′) : t |= tpM(a/M0)} ⊆ X(M′) ⊆ Ω(M′)

As Ω =
⋃l

i=1(Vi ∩ Ω), we conclude that Ω(M′) =
⋃l

i=1(Vi(M′) ∩ Ω(M′)), meaning

that b ∈ Vi(M′) ∩ Ω(M′), for some i = 1, . . . , l.

Since, for any t |= tpM(a/M0), Xi(t) = Vi ∩ X(t) = Vi ∩ Ω ∩ X(t), in particular, we have

that Xi(t)(M′) = Vi(M′) ∩ Ω(M′) ∩ X(t)(M′), which implies that

b ∈
⋂
{Xi(t)(M′) : t |= tpM(a/M0)}

Now, let t1, . . . , tn |= tpM(a/M0). ThenM′ |= ∃b(b ∈ Xi(t1)∧ . . . ∧ b ∈ Xi(tn)). AsM is

an elementary substructure of M′, M |= ∃b(b ∈ Xi(t1) ∧ . . . ∧ b ∈ Xi(tn)), meaning that

the set of M0-conjugates of Xi is finitely consistent.

This theorem has the following important corollary which we will need in the next sub-

section. Before that, recall that a family of sets {Xi : i ∈ I} is said to have the finite

intersection property (FIP) if the intersection of any finite number of elements Xi is non

empty.

Corollary 3.2.8. Let D be a definable set with a Hausdorff definable space structure,

such that D is defined over a small elementary substructure M0. Let X ⊆ D be an

M0-definable subset and let {Fx : x ∈ X} be family of definable closed subsets of D

parameterized by X with the FIP. If D is definably compact, then there are m1, . . . , mk ∈

M0 such that every Fx contains at least one of the mi’s.

Proof. For the sake of contradiction, assume that for any finite subset Γ ⊆ M0, there

exists x ∈ X such that Γ ∩ Fx = ∅. For each a ∈ M0, consider the LM0-formula φa(x)

given by x ∈ X ∧ a 6∈ Fx

Let q(x) = {φa(x) : a ∈ M0} and note that this is a partial type over M0. By saturation,

there exists x0 ∈ X that realizes q, i.e. M0 ∩ Fx0 = ∅. As D is definably compact and

Fx0 is closed, by Lemma 3.2.1, Fx0 is definably compact. By Theorem 3.2.7, this implies

that the set of M0-conjugates of Fx0 is not finitely consistent, i.e. there exists t1, . . . , tk |=
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tpM(x0/M0) such that Ft1 ∩ . . . ∩ Ftk = ∅. This contradicts the fact that the family {Fx :

x ∈ X} has the FIP as for each i = 1, . . . , k, we have that ti ∈ X.

Before continuing I would like to make the following remark:

In the following subsections, the only use of this corollary is to conclude that every down-

ward directed definable family of non-empty closed sets has non-empty intersection when

we are working inside a definably compact Hausdorff definable space. In fact, this is the

only topological result we will need to prove almost all of the main results we will see next.

In [20], P. Guerrero proved that, in an o-minimal structure with definable choice, a defin-

able topological space is definably compact if and only if every downward directed defin-

able family of non-empty closed sets has non-empty intersection.

As such, many of the results we will prove can be extended from the setting of Hausdorff

definable spaces to that of Hausdorff definable topological spaces. We restrict ourselves

to the former for clarity, since most natural examples admit such structures, and because

this generalization is mostly straightforward and does not provide any additional insights

about the behaviour of definable semigroups. For these reasons, the generalization will

not be pursued here.

Finally, another important consequence of Theorem 3.2.7, is the following alternative

characterization of definable compactness which I hinted at earlier.

Proposition 3.2.9. Let D be a definable set with a Hausdorff definable space structure,

such that D is defined over a small elementary substructureM0 and X be aM0-definable

subset of D. The following are equivalent:

i) X is definably compact;

ii) Any definable open cover of X parameterized by a complete type over M0, has a

finite subcover of X.

Proof. (ii) ⇒ (i) Assume that X is not definably compact, and let γ : (a, b) → X be a

definable map such that limt→1 γ(t) does not exist, and by o-minimality, assume without

loss of generality that γ is injective and continuous. For each x ∈ (a, b), let Fx = γ([x, b)),

which is closed in X. Furthermore, given a < t < s < b, Fs ⊂ Ft.

Consider the partial type p(v) over M0 given by {m < v < b : m ∈ M0}. Let p ∈ SM
1 (M0)

be a complete type that extends it, and by saturation, there exists s ∈ M that realizes
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p. In particular, note that s ∈ (a, b) but s is greater then any element of M0 in (a, b). Let

P be the set of realizations of p. Then {X \ Fs : s ∈ P} is a definable open cover of X

parameterized by a complete type over M0 without any finite subcover.

(i) ⇒ (ii) Let X be definably compact and let {Us : s ∈ P} be a definable open cover

of X parameterized by a complete type over M0. Assume, for the sake of contradiction,

that {Us : s ∈ P} has no finite subcover and let Fs = X \ Us, which are closed and by

Proposition 3.2.1 definably compact. Then, for any s1, . . . , sn ∈ P, Fs1 ∩ . . . ∩ Fsn 6= ∅,

since otherwise, Us1 , . . . , Usn would be a finite subcover of X. Let a be an element of M

such that P = tpM(a/M0), and note that {Fs : s ∈ P} = {Fs : s |= tpM(a/M0)} is the

set of M0-conjugates of Fa, which is finitely consistent. By Proposition 3.2.7, there exists

some b ∈ M0 such that b ∈ ⋂s∈P Fs ⊆ X, meaning that
⋃

s∈P Us 6= X.

3.3. Definable Semigroups in O-minimal Structures

The goal of this section is both trying to generalize known results about definable groups in

o-minimal structures, and known results about topological semigroups to definable semi-

groups in o-minimal structures. Before proceeding, recall our assumption that we are

working inside a sufficiently saturated o-minimal structure M with definable choice.

By a definable semigroup in S we mean a definable set S ⊆ Mn for some n ≥ 1 and a

definable function · : S × S → S such that (S, ·) is a semigroup.

We start by making the following observation about how the dimensions of R, L and

H -classes relate to each other, inside of a D-class.

Proposition 3.3.1. Let S be a definable semigroup. Then, in any D-class of S, every

H -class has the same dimension, every R-class has the same dimension and every

L -class has the same dimension.

Additionally, fix a D-class D and let dim(H ) denote the dimension of any H -class in D,

and define analogously dim(L ) and dim(R) to be the dimensions of any L -class and

R-class in D. Then

dim(D) = dim(R) + dim(L )− dim(H )

Proof. Fix a D-class D and let s, t ∈ D. From Green’s Lemma (Lemma 3.1.3), there

exists a definable bijection between Ls and Lt, Rs and Rt and between Hs and Ht, and

thus they have the same dimension.
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Note thatM has elimination of imaginaries, and let R be an arbitrary R-class in D. There

exists a definable set which we can identify as R/H and a definable surjective function

f : R → R/H such that s H t if and only if f (s) = f (t). Analogously, there exists a

definable set which we can identify with D/L and a definable surjective function g : D →

D/L such that s L t if and only if g(s) = g(t).

Consider the definable function h : R/H → D/L given by (x, y) ∈ h ⇔ ∃z( f (z) =

x ∧ g(z) = y).

Claim: h is injective.

Let h(x) = h(y). By definition, there exist z1, z2 ∈ S such that z1 ∈ f−1(x) ∩ g−1(h(x))

and z2 ∈ f−1(y) ∩ g−1(h(x)). Note that g−1(h(x)) is an L -class in D and both f−1(x)

and f−1(y) are H -classes in R. As any L-class contains non-trivially one H -class in R,

we get that f−1(x) = f−1(y) and thus x = y.

Claim: h is surjective.

Let y ∈ D/L . The set g−1(y) is an L -class in D and as such it intersects non-trivially

exactly one H -class in R. Let x be an element of that H -class. Then h( f (x)) = y

As h is a definable bijective map, by Lemma 2.1.28 we get that

dim(R/H ) = dim(D/L )

By Lemma 2.1.33, this is equivalent to:

dim(R)− dim(H ) = dim(D)− dim(L )

⇔dim(D) = dim(R) + dim(L )− dim(H )

Next, we are going to look into definable completely simple semigroups.

Before continuing I would like to make the following remark: In the context of o-minimality,

it would be more natural to study definably simple semigroups, i.e. semigroups with no

proper definable ideals. It is evident that any simple semigroup is definably simple. How-

ever, in this case the converse is also true.

Proposition 3.3.2. Let S be a semigroup definable in a structure M (not necessarily

o-minimal). Then S is simple if and only if S is definably simple.

Proof. If S is simple, then by definition, S is also definably simple.
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Assume now that S is definably simple. For any a ∈ S, the ideal SaS is definable, and thus

SaS = S. By Lemma 3.1.6, S is simple.

Now, let S be a completely simple definable semigroup. From Rees’s Theorem, we know

that S ' M (I, G, Λ, P) for some group G, sets I, Λ and P : Λ × I → G. The following

shows that Rees’s Theorem adapts well to the setting of completely simple definable

semigroups.

Proposition 3.3.3 (Definable Rees’s Theorem). LetM be an o-minimal structure and let

S be a completely simple definable semigroup. Then there exists a definable group G,

definable sets I, Λ and a definable map P : Λ× I → G such that S is definably isomorphic

to M (I, G, Λ, P).

Proof. From the proof of Rees’s Theorem given in section 3.1, given any idempotent

e ∈ S, there exists an isomorphism from S to M (I, G, Λ, P), where G = He, I = Se∩ E(S),

Λ = eS ∩ E(S) and P : Λ × I → G is given by P(λ, i) = λi, which are clearly definable.

The isomorphism is given by

R : M (I, G, Λ, P) → S

(i, g, λ) 7→ igλ

Which again, is clearly definable.

3.3.1 Definably compact semigroups

The t-topology was the key tomany advances in the study of groups definable in o-minimal

structures since its introduction in [9]. It is only natural that, when studying semigroups

definable in o-minimal structures, a topology with properties akin to the t-topology is de-

sirable. As such, we fix the following assumption:

For the rest of this chapter, unless stated otherwise, all following mentions of

definable groups and definable semigroups inM are assumed to be equipped

with a Hausdorff definable space structure that makes the operations contin-

uous.

In the theory of topological semigroups, compactness is a fundamental property that al-

lows us to conclude key results about the algebraic structure of the semigroup.
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The aim of this subsection is thus to examine the behavior of definable semigroups S

that are definably compact, and to see what results from classical topological semigroup

theory we can recover in this setting.

3.3.1.1 Existence of idempotents

A classic result in the theory of topological semigroups is the fact that any Hausdorff

compact topological semigroup has at least one idempotent (see Theorem 1.8 in [21]). As

we will see now, definable compactness is enough to assure the existence of idempotents

in S.

However, before proving the result, I would like to fix the following notation: Given a set

X, we will use ∆X to denote the diagonal {(x, x) : x ∈ X} ⊆ X × X. When X is implicit

from context, we will simply write ∆ instead of ∆X.

Proposition 3.3.4. Let S be a definably compact semigroup. Then S has at least one

idempotent.

Proof. Let M0 be a small elementary substructure such that S is M0-definable.

Start by assuming that S is commutative.

Claim: For each s ∈ S, sS is closed in S.

This comes from the fact that {s} × S is definably compact by Lemma 3.2.3, and as mul-

tiplication is continuous, by Lemma 3.2.2, sS is definably compact. By Lemma 3.2.1, sS

is closed.

Consider the definable family {sS : s ∈ S} closed subsets parameterized by S. Note also

that, as S is commutative, for any s1, . . . , sk ∈ S, we have that s1S ∩ . . . ∩ skS 6= ∅ as

s1 . . . skS ⊆ siS for i = 1, . . . , k, i.e. the family as the FIP.

Claim: The intersection
⋂

s∈S sS is non-empty.

By Corollary 3.2.8, there exists m1, . . . , mk ∈ M0 such that for any s ∈ S, sS contains

some mi. Note that the family {sS : s ∈ S} is downward directed, i.e. for any a, b ∈ S,

there exists c ∈ S such that aS ⊇ cS and bS ⊇ cS (indeed, we may take c = ab). I claim

that there exists i = 1, . . . , k such that mi ∈ sS, for all s ∈ S. To see this, assume that

this is not the case. For each i = 1, . . . , k, let si ∈ S such that mi 6∈ siS. As {sS : s ∈ S}

is downward directed, there exists x ∈ S such that xS ⊆ siS for each i = 1, . . . , k. Note
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that there exists j = 1, . . . , k such that mj ∈ xS, and in particular, mj ∈ sjS, which is a

contradiction. As such, there exists i = 1, . . . , k such that mi ∈
⋂

s∈S sS.

Let T =
⋂

s∈S sS and fix t ∈ T. As T is a semigroup, tT ⊆ T. On the other hand,

tT = t
⋂
s∈S

sS =
⋂
s∈S

tsS ⊇ T

meaning that tT = T. This means that there exists e ∈ T such that te = t and s ∈ T such

that ts = e. So e2 = ets = tes = ts = e.

Now, assume that S is a definably compact semigroup with Z(S) 6= ∅, where Z(S) =

{x ∈ S : ∀y ∈ S, xy = yx} is its center.

Note that Z(S) is a commutative definable subsemigroup of S. Indeed, if x, y ∈ Z(S), then

for any s ∈ S, we have xys = xsy = sxy, so xy ∈ Z(S).

Furthermore, note that Z(S) is closed in S. To see this, let (si)i∈I be a net on Z(S) such

that lim si = c. Then, for any t ∈ S we have

ct = (lim si)t = lim(sit) = lim(tsi) = t(lim si) = tc

and thus c ∈ Z(S).

By Lemma 3.2.1, Z(S) is a commutative definably compact definable semigroup, and thus

it has an idempotent as we have seen previously.

Finally, let S be an arbitrary definably compact semigroup.

Fix a ∈ S, and consider its centralizer C(a) = {x ∈ S : xa = ax}. Note that this is a

definable semigroup, as if x, y ∈ C(a), then xya = xay = axy. Consider the definable

continuous map fa : S → S × S given by f (x) = (ax, xa). Then C(a) = f−1
a (∆). As

S is Hausdorff, ∆ is closed and thus C(a) is a closed subsemigroup of S. By Lemma

3.2.1, C(a) is definably compact. Furthermore, note that, by definition, Z(C(a)) 6= ∅ as

a ∈ Z(C(a)), which implies that C(a) has at least one idempotent.

Let (S, ·) be a topological semigroup. If S is also a group, i.e. S has inverses with respect

to the product ·, it might be the case that the map x 7→ x−1 is not continuous, even

though the product is. However, this is not possible if the topology in S is compact: any

compact topological semigroup S that is algebraically a group, is a topological group (see

Theorem 1.13 in [21]). As we will see now, definable compact semigroups exhibit the

same behaviour.
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Lemma 3.3.5. Let S be a definably compact semigroup. If S is algebraically a group, then

it is a definably compact group, i.e. the inverse map is also continuous.

Proof. Let m : S × S → S denote the multiplication in S, i : S → S the inverse function and

e its identity.

Start by noting that the graph of the inverse function Γ(i) = {(x, x−1) : x ∈ S} is given by:

Γ(i) = {(x, y) ∈ G × G : m(x, y) = e} = m−1({e})

By continuity of m, Γ(i) is closed.

Let C ⊆ S be a definable closed subset. Let π1 : S × S → S denote the projection into the

first n components. Note that

i−1(C) = π1((S × C) ∩ Γ(i))

and (S × C) ∩ Γ(i) is closed in S × S and hence definably compact by Lemma 3.2.1. By

Lemma 3.2.2, π1((S × C) ∩ Γ(i)) = i−1(C) is definably compact and again, by Lemma

3.2.1, closed.

As any closed set in S is the intersection of definable closed subsets of S, it follows that

the pre-image of any closed set under i is closed, and hence, i is continuous.

Proposition 3.3.6. Let S be a definably compact definable monoid such that E(S) = {1},

where 1 is the identity of S. Then S is a definably compact group.

Proof. Let s ∈ S. As we saw in the proof of 3.3.4, sS is a definably compact semigroup.

By the same proposition, sS ∩ E(S) 6= ∅ , so that 1 ∈ sS, thus s has a right inverse.

Analogously, we can prove that it has a left inverse.

Moreover, the right and left inverses of s have to be equal. To see this, let l be the left

inverse of s and r the right inverse. Then

l = l1 = lsr = 1r = r

Meaning that algebraically, S is a group.
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The inverse operation is obviously definable, which implies that S is a definable group. By

Lemma 3.3.5, S is a topological group with respect to its topology, and thus a definably

compact definable group.

Note that in this proposition, definable compactness is necessary to conclude that S is a

group. For example, let M = (R,+, ·, 0, 1) and consider the definable semigroup S =

{x ∈ R : x ≥ 1} with the operation being given by the product. Then, S is a monoid

whose only idempotent is 1, however, it is not a group.

Corollary 3.3.7. Let G be a definable group. Then every definably compact subsemigroup

of G is a subgroup.

Proof. Let S ⊆ G be a definably compact definable subsemigroup of G. By Proposition

3.3.4, S has an idempotent, and as the only idempotent in G is the identity, we have that

E(S) = {e}. As e ∈ S, S is actually a monoid. By Proposition 3.3.6, S is a subgroup.

With this corollary, we can prove the following result, which is direct generalization of

Theorem 5.1 in [11], where the authors assume that G is equipped with Pillay’s t-topology

while we assume a more general Hausdorff definable space structure on G.

Corollary 3.3.8. Let G be a definable group, S be a definable subsemigroup of G, and let

S̄ denote the closure of S. If S̄ is definably compact, then S is a subgroup of G.

Additionally, if G itself is definably compact, then every definable subsemigroup of G is a

subgroup.

Proof. Let G be a definable group, S be a definable subsemigroup such that S̄ is definably

compact.

Claim: S̄ is a subsemigroup of G.

Let m : G × G → G denote multiplication on G. Then

m(S̄ × S̄) = m(S × S) ⊆ m(S × S) ⊆ S̄

So we conclude that S̄ · S̄ ⊆ S̄, i.e. S̄ is a subsemigroup of G.

By Corollary 3.3.7, we get that S̄ is a subgroup. By Theorem 1.8 of Chapter 4 in [7], we

know that dim(S̄ \ S) < dim S, i.e. S is large in S̄. Let x ∈ S̄, and note that by Lemma

2.2.2, there exist generic elements a and b of S̄ such that x = a · b. If either a or b where
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in S̄ \ S, then we would have that dim(S̄ \ S) = dim S, which is a contradiction. As such,

a, b ∈ S, meaning that:

S̄ ⊆ S · S ⊆ S ⊆ S̄

Therefore, S = S̄ and as we saw, S̄ is a subgroup.

Assume now that G is itself definably compact. As S̄ is closed, it is definably compact and

we can apply the first half of this corollary to conclude that S is a subgroup.

Recall that a semigroup S is said to be right cancellative if for all a, b, c ∈ S, ac = bc implies

that a = b. Left cancellative semigroups are defined analogously and a cancellative

semigroup is simply a right and left cancellative semigroup.

Corollary 3.3.9. Let S be a cancellative definably compact semigroup. Then S is a defin-

ably compact group.

Proof. By Proposition 3.3.4, S has some idempotent e, which we fix. For any x ∈ S, we

have that ex = e2x = e(ex) and so x = ex. And analogously, xe = xe2 = (xe)e which

implies that x = xe.

Therefore, e is an identity of S and E(S) = {e}, making S a definably compact monoid

with only one idempotent. By Proposition 3.3.6, S is a definable group. Finally, by Lemma

3.3.5, S is a topological group with respect to its topology, and thus a definably compact

definable group.

As all groups are cancellative, we showed that a definably compact semigroup is a group

if and only if it is cancellative.

Note again that both in Corollary 3.3.7 and Corollary 3.3.9, definable compactness is

necessary. For example, take M = (R,+, ·, 0, 1), let G = (R,+) and S = (R>0,+).

Then S is a definable subsemigroup of G but it is not a group. Additionally, S is cancellative

but it is not a group.

3.3.1.2 Minimal ideals

Another key property of compact semigroups is that such semigroups always have min-

imal left and right ideals, and a unique minimal ideal (see Theorem 1.29 in [21]). As we

will see now, this is also the case for definably compact semigroups.

We start by proving the existence of a unique minimal ideal.
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Proposition 3.3.10. Let S be a definably compact semigroup. Then S has a unique min-

imal ideal.

Proof. Let S be M0-definable, where M0 is a small elementary substructure of M.

For each a ∈ S, let J(a) denote the ideal SaS, which is closed by Lemmas 3.2.3, 3.2.2

and 3.2.1. Then {J(a) : a ∈ S} is a definable family of closed subsets parameterized

by S. Furthermore, given a1, . . . , an ∈ S, we have that J(a1 . . . an) ⊆ J(a1) ∩ . . . ∩ J(an),

which means that the family {J(a) : a ∈ S} has the FIP and is downward directed. By

Corollary 3.2.8, using an analogous argument to that in the proof of Proposition 3.3.4, we

can conclude that the intersection I =
⋂{J(a) : a ∈ S} is non-empty, and thus an ideal.

Claim: I is a minimal ideal.

To see this, let J ⊆ I be an ideal, and let x ∈ J. Then SxS ⊆ J ⊆ I ⊆ SxS, meaning that

J = I.

For the uniqueness, let I, J be twominimal ideals. As I J ⊆ I ∩ J we get that I = I J = J.

Note that to guarantee the existence of a minimal ideal, definable compactness is nec-

essary. For example, take M = (R,+, ·, 0, 1) and consider the semigroup S = (0, 1)

with the usual product. For each n ≥ 2, consider the ideal In = (0, 1/n). These ideals

constitute a strictly descending chain I2 ⊃ I3 ⊃ . . . with
⋂

n≥2 In = ∅, and as such, there

is no minimal ideal K in S as that would imply that K ⊆ In for all n ≥ 2.

In the literature, the unique minimal ideal of a compact semigroup S is usually called the

kernel of S, which we will denote by K(S) or simply K when the semigroup S is implicit

from context.

Before continuing, note that given x ∈ K, we have that SxS = K by minimality, which

implies that K is both closed and definable.

We now establish the existence of minimal left and right ideals, starting with some tech-

nical lemmas.

The following is a generalization of Wallace’s Swelling lemma (see Theorem 1.9 in [21])

Lemma 3.3.11. Let S be a definably compact semigroup, and A be a definable closed

subset of S. Given t ∈ A, if A ⊆ tA, then A = tA.
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Proof. Fix t ∈ A with A ⊆ tA, and let T denote the set {x ∈ S : tA ⊆ xA}. If x, y ∈ T,

then tA ⊆ xA ⊆ xtA ⊆ xyA, which allows us to conclude that xy ∈ T, i.e. T is a definably

subsemigroup of S.

Claim: T is closed.

By Lemma 3.2.1, it is enough to show that T is definably compact. Let γ : (c, d) → T be

a definable curve, with c, d ∈ M. As S is definably compact, there exists β ∈ S such that

limx→d− = β. I claim that β ∈ T, i.e. tA ⊆ βA. Fix ta ∈ tA and start by noting that, for

each x ∈ (c, d), tA ⊆ γ(x)A, so that ta ∈ γ(x)A. For each x ∈ (c, d), let Ax := {y ∈ A :

ta = γ(x)y}, which is uniformly defined by the formula φ(y, x) = y ∈ A ∧ ta = γ(x)y. As

M has definable Skolem functions there exists a definable map σ : (c, d) → S such that

σ(x) ∈ Ax for all x ∈ (c, d). Because S is definably compact, there exists α ∈ S such that

limx→d− σ(x) = α. I claim that ta = βα. For all x ∈ (c, d), ta = γ(x)σ(x), which implies

that

ta = lim
x→b−

(γ(x)σ(x)) = lim
x→b−

γ(x) lim
x→b−

σ(x) = βα

So β ∈ T and therefore T is closed.

By Proposition 3.3.4, T has some idempotent e. By the definition of T, we have that

A ⊆ tA ⊆ eA. Fix a ∈ A, then there exists b ∈ A such that a = eb and hence, ea =

e(eb) = eb = a, which implies that eA ⊆ A. From the inclusion A ⊆ tA ⊆ eA that we had

previously, the equality A = tA follows.

Proposition 3.3.12. Let S be a definably compact semigroup and fix e ∈ E(S). Then the

following are equivalent:

i) Se is a minimal left ideal;

ii) eSe is a group;

iii) eS is a minimal right ideal;

iv) SeS is the minimal ideal of S;

Proof. This is Theorem 1.23 of [21] with a few modifications.

Items (i), (ii) and (iii) can be proven to be equivalent only using algebraic properties of

S, and require no topology at all. The same goes for the proof that (iii) implies (iv). In

these cases, see the proof of Theorem 1.23 of [21].
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As for the proof that (iv) implies (iii), let R be a right ideal contained in eS. Fix x ∈ R

and note that xS ⊆ R ⊆ eS, meaning that SxS ⊆ SeS. By minimality, SxS = SeS, and

therefore, e = axb for some a, b ∈ S. Now note that

xS ⊆ R ⊆ eS = axbS ⊆ axS

As xS is a definable closed subset of S, by the Swelling Lemma (3.3.11), xS = axS, and

by the previous chain of inclusions, it follows that R = eS, thus proving the minimality of

eS.

With this, we can finally conclude the following.

Corollary 3.3.13. Let S be a definably compact semigroup. Then S has minimal right and

left ideals. In fact, E(K) 6= ∅, and for each e ∈ E(K) we have that:

i) Se is a minimal left ideal;

ii) eSe is a group;

iii) eS is a minimal right ideal;

iv) K = SeS

Proof. K is a closed subsemigroup of S and thus, by Lemma 3.2.1, K is definably compact.

By Proposition 3.3.4, K has some idempotent.

The rest follows easily from Proposition 3.3.12.

Note that if R is a minimal right ideal, then given x ∈ R, we have xS = R by minimally,

meaning that R is both definable and closed. The same is true for any minimal left ideal.

For the sake of completeness, we will look into some semigroup theoretic properties of

the kernel of a semigroup S. Most proofs only use the minimality of the kernel and alge-

braic properties of the semigroup, meaning that o-minimality and definable compactness

change nothing and the ”standard” proof remains valid. In such cases, I will only leave a

reference to the proof.

Proposition 3.3.14. Let S be a definably compact semigroup. Then K(S) is the union of

all minimal left ideals, and the union of all minimal right ideals. Moreover, these unions

are disjoint.
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Proof. See remark 2.4 of [22].

Proposition 3.3.15. Let S be a definably compact semigroup. Then K is a disjoint union

of definable subgroups of S.

Proof. This is Corollary 2.7 of [22]. The only thing left to do is proving the definability of the

subgroups. This comes from the fact the subgroups are the intersection of one minimal

left ideal with a minimal right ideal, which are definable.

Proposition 3.3.16. Let S be a definably compact semigroup. Given a left ideal L, then

L is a minimal left ideal if and only if L = Se, for some e ∈ E(K). Analogously, a right ideal

R is a minimal right ideal if and only if R = eS for some e ∈ E(K).

Proof. See Corollary 2.8 of [22].

Proposition 3.3.17. Let S be a definably compact semigroup. Then, the following are

equivalent.

i) K is a group;

ii) K has only one idempotent;

iii) S has only one minimal left ideal and only one minimal right ideal.

Proof. See Theorem 2.9 of [22].

In particular, as K is the union of the minimal left ideals or the union of the minimal right

ideals, if there is only one of each, then they both equal K.

Proposition 3.3.18. Let S be a definably compact semigroup and e ∈ E(S). Then the

following are equivalent;

i) e ∈ K;

ii) eSe is a group;

iii) K = SeS;

iv) e is a minimal idempotent in S with respect to the natural partial order.

Proof. See Theorem 2.11 of [22].
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Recall that a congruence σ on a semigroup S is an equivalence relation compatible with

the group operation, i.e. if (s, s′) ∈ σ and (t, t′) ∈ σ, then (st, s′t′) ∈ σ.

Given a semigroup S and a congruence σ, consider the set S/σ of equivalence classes

with a binary operation given by [s] · [t] = [st]. Then S/σ is a semigroup, known as the

quotient of S over σ. If I ⊆ S is an ideal, then (I × I) ∪ ∆ is a congruence on S whose

quotient we denote by S/I. This construction is known as the Rees quotient of S over I.

Intuitively, the semigroup S/I is obtained from S by identifying all the elements of I.

If S is a topological semigroup and I is a closed ideal, then S/I is a topological semigroup

with the quotient topology. There is a very useful way of characterizing the open sets

in S/I: If π : S → S/I denotes the quotient map that sends each element of S to each

equivalence class, then the open sets in S/I are precisely:

{π(U) : U ⊆ S is open and either U ∩ I = ∅ or I ⊆ U }

Proposition 3.3.19. Let S be a definably compact definable semigroup and I a defin-

able closed ideal. Then S/I definable. Furthermore, topologically S/I with the quotient

topology is a definably compact Hausdorff definable space.

Proof. Step 1: S/I is definable.

Fix an element x ∈ I which I will denote by 0. Consider the definable set S \ I ∪ {0}.

Consider the formula φ(a, b, c) given by

(a = 0 ∧ c = 0)∨

(b = 0 ∧ c = 0)∨

(a ∈ S \ I ∧ b ∈ S \ I ∧ ((ab ∈ S \ I ∧ c = ab) ∨ (ab ∈ I ∧ c = 0))

Then φ(a, b, c) defines a product ∗ in the following way: If either a or b is 0, then ab = 0. If

both a, b ∈ S \ I, then a ∗ b = ab if ab ∈ S \ I or a ∗ b = 0 if a ∗ b ∈ I, which is the operation

in the Rees quotient S/I.

Step 2: S/I is a definable space.

Let (Ui, φi)i=1,...,n be a definable atlas of S. For each i = 1, . . . , n let Vi = Ui ∩ Ic and

consider the family (Vi, φi|Vi)i=1,...,n. Without loss of generality assume that Vi 6= ∅ for

all i = 1, . . . , n. Denoting π(I) by 0, we get that the family (π(Vi), φi|Vi ◦ π−1)i=1,...,n is
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a definable atlas in (S/I) \ {0}. Adding an additional chart ψ : { 0 } → { a } for some

a ∈ M, we get that S/I is a definable space.

Step 3: S/I is definably compact.

I will start by proving that S/I is Hausdorff. Let a, b ∈ S/I with a 6= b. As each non-zero

element in S/I is an equivalence class with only one element, I will treat a and b as both

an element of S and as their equivalence classes in S/I. If neither a nor b is zero, as S

is Hausdorff, there are open disjoint open sets U′, V ′ such that a ∈ U′ and b ∈ V ′. Let

U = U′ ∩ Ic and V = V ′ ∩ Ic and note that these are disjoint open sets that separate a

and b in S. As I ∩ U and I ∩ V are empty, we have that π(U) and π(V) are disjoint open

sets in S/I with a ∈ π(U) and b ∈ π(U).

On the other hand, let a = 0 and b 6= 0, i.e. b 6∈ I. By Lemma 2.3.9, there are open

disjoint sets U and V such that I ⊆ U and b ∈ V, therefore π(U) and π(V) are disjoint

open sets in S/I that separate a = 0 and b.

As for the curve completion, let γ : (a, b) → S/I be a definable curve. Assume without

loss of generality that 0 6∈ γ((a, b)). This induces a unique curve σ : (a, b) → S such that

π ◦ σ = γ. By definable compactness, there exists β ∈ S such that limt→b− σ(t) = β.

Then,

π(β) = π( lim
t→b−

σ(t)) = lim
t→b−

π(σ(t)) = lim
t→b−

γ(t)

Which concludes the proof.

Let S be a definably compact semigroup. Then K is a definably compact completely simple

semigroup as we have seen. On the other hand, S/K is a definably compact semigroup

with a zero. Therefore, the study of definably compact semigroups can be split up into

the study of these two families of definable semigroups, which is why we now change our

focus towards definably compact completely simple semigroups.

3.3.2 Definably compact completely simple semigroups

The following is straightforward to prove.

Lemma 3.3.20. Let I, Λ be topological spaces, G a topological group and P : Λ × I →

G a continuous map. Then M (I, G, Λ, P) with the product topology on I × G × Λ is a

topological semigroup.
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Not all topologies on completely simple semigroups arise in this way. For instance, we

could have a topology on I × G × Λ that is not a product topology.

This prompts the following definition.

Definition 3.3.21. A completely simple semigroup S is said to be a topological paragroup

if there are topological spaces I, Λ, a topological group G and a continuous map P :

Λ × I → G such that S is topologically isomorphic (i.e. there exists an isomorphism that

is also a homeomorphism) to M (I, G, Λ, P) with the product topology on I × G × Λ.

Proposition 3.3.22. Let S be a definably compact completely simple semigroup. Then

S is isomorphic to M (I, G, Λ, P), where I, Λ are definable sets, each with a Hausdorff

definable space structure, G a definable group with a Hausdorff definable space structure

compatible with the group operations, P a definable continuous map, the topology on

M (I, G, Λ, P) is the product topology and the topological isomorphism between S and

M (I, G, Λ, P) is definable. In particular, S is a topological paragroup.

Proof. Following the proof of Lemma 3.3.3, fix an idempotent e ∈ S and let I = Se ∩ E(S),

Λ = eS ∩ E(S), G = He = eSe and P : Λ × I → G given by P(λ, i) = λi.

Note that restricting the topology on S to I, Λ and G yields a definable space structure on

each of these sets.

Furthermore, note that as G = eSe, we have that G is definably compact. Additionally,

with the topology induced by S, G is a topological semigroup. By Proposition 3.3.5, G is

actually a topological group. Consider also I and Λ with the topologies induced by S, and

consider M (I, G, Λ, P) with the product topology.

Recall that the isomorphism from M (I, G, Λ, P) to S is given by

φ : M (I, G, Λ, P) → S

(i, g, λ) → igλ

With its inverse being

ψ : S → M (I, G, Λ, P)

s 7→ (s(ses)−1, ses, (ese)−1s)

Where the inverses are being taken inside of G = eSe. By continuity of the product and

of the inverse map, both φ and ψ are continuous.
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Remarks:

• If S is a definably compact semigroup then it is kernel is closed. As a consequence

it is a definably compact completely simple semigroup. By Proposition 3.3.22, the

kernel is actually a topological paragroup;

• Additionally, note that by construction, S being definably compact implies that I, Λ

and G are also definably compact.

Recall that in a semigroup S, an element s is said to be regular if there exists t ∈ S such

that sts = s. A semigroup is said to be regular if every element is regular. The following

is Proposition 2.4.2 of [17].

Proposition 3.3.23. Let S be a semigroup and T be a regular subsemigroup of S. Then

L T = L S ∩ (T × T)

RT = RS ∩ (T × T)

H T = H S ∩ (T × T)

Where K S and K T denotes the green relation K in S and in T respectively, where

K ∈ {L , R, H }.

With this, we can prove the following.

Proposition 3.3.24. Let S ' M (I, G, Λ, P) be definably compact and T be a definable

subsemigroup of S. Then T is completely simple.

Proof. Let T be a definable subsemigroup of S ' M (I, G, Λ, P). Start by noting that for

each H -class He with e ∈ E(S), T ∩ He is either a subsemigroup of He or the empty set,

and in particular, if T ∩ He is not empty, then by Corollary 3.3.8, it is a subgroup of He.

This implies that the elements of E(T) are precisely the idempotents of S where T ∩ He is

a group. As T =
⋃

e∈E(S)(T ∩ He), we conclude that T is a union of groups and thus T is

regular.

Claim: T is simple. Given t ∈ T, by Proposition 3.3.23, HT
t = HS

t ∩ T, meaning that every

H -class of T is a group.

Let I be an ideal of T and note that if I ∩ HT 6= ∅ for some H -class HT of T, then HT ⊆ I.

Let x ∈ I and let e0 ∈ E(T) be an idempotent such that x ∈ HT
e0
, and then HT

e0
⊆ I. Now,

let f ∈ E(T) be any other idempotent, and note that f e0 f ∈ HT
f . As I is an ideal, f e0 f ∈ I
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and as such, we conclude that HT
f ⊆ I for each f ∈ E(T). As T =

⋃
f∈E(T) HT

f , we get

that I = T and thus T is simple.

Now, as S is completely simple, every idempotent of S is primitive, which in turn implies

that every idempotent of T is primitive as well.

Corollary 3.3.25. Let S ' M (I, G, Λ, P) be definably compact and T be a definable

subsemigroup of S. Then there are subsets J ⊆ I, Γ ⊆ Λ and a definable subgroup

W ⊆ G such that T ' M (J, W, Γ, P|Γ×J).

Proof. Let e ∈ E(T). Recall that by the proof of Lemma 3.3.3, we may take I = Se∩ E(S),

Λ = eS ∩ E(S), G = He and P : Λ × I → G to be the map given by P(λ, i) = λi.

By Proposition 3.3.24, T is completely simple. As such, following the same construction,

if we take J = Te∩ E(T), Γ = eT ∩ E(T), W = HT
e (where HT

e is the H -class of e in T) and

P : Γ × J → W to be the map given by Q(γ, j) = γj. Then, have that T ' M (J, W, Γ, Q).

Obviously, J ⊆ I, Γ ⊆ Λ, W ⊆ G and Q = P|Γ×J.

With this corollary, we can generalize some of the results we saw about definable groups.

However, as we will see shortly, most of them only work when both |I| and |Λ| are finite

and the semigroup is definably compact.

Just some terminology before I state the result: we say that a definable semigroup has the

descending chain condition DCC if any descending sequence of definable subsemigroups

T1 ⊇ T2 ⊇ . . . eventually stabilizes.

Proposition 3.3.26. Let S ' M (I, G, Λ, P) be a definably compact completely simple

semigroup equipped with a definable manifold structure. The following are equivalent:

(i) Both I and Λ are finite;

(ii) There are only finitely many definable subsemigroups T with dim T = dim S;

(iii) S has the DCC;

(iv) A subsemigroup T of S is open if and only if dim T = dim S;

(v) Any definable subsemigroup of S is closed.

Proof. (i) ⇒ (ii) Assume that both I and Λ are finite. For any subsemigroup T '

M (J, W, Γ, P|Γ×J), note that dim(T) = dim(W). Fixing a definable subgroup W ⊆ G,
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there are at most 2|I|2|Λ| subsemigroups of S of the form T ' M (J, W, Γ, P|Γ×J). This

means that

|{T : T is a definable subsemigroup of S and dim T = dim S}| ≤

2|I| · |{W : W is a definable subgroup of G and dim W = dim G}| · 2|Λ|

By Theorem 2.2.17, we arrive at the desired conclusion.

(ii) ⇒ (iii) This proof is identical to the one we did for Theorem 2.2.18.

(iii) ⇒ (i) Assume that either I or Λ are infinite. Without loss of generality, I will assume

that I is infinite. This means that we can find an infinite subset {i1, i2, . . .} ⊆ I. For each

n ≥ 1, let In = I \ {i1, . . . , in}, which is definable. Then

M (I1, G, Λ, P|Λ×I1) ⊃ M (I2, G, Λ, P|Λ×I2) ⊃ . . .

Is an infinite descending chain of definable subsemigroups that never stabilizes, thus S

does not have the DCC.

(i) ⇒ (iv) Let T be a definable subsemigroup and write T = M (J, W, Γ, P|Γ×J) as per

Corollary 3.3.25. Note that dim T = dim(J × W × Γ) = dim(J) + dim(W) + dim(Γ).

As both J and Γ are finite, we get that dim T = dim W. On the other hand, dim S =

dim(I × G × Λ) = dim G for the same reason.

Now, assume that T is open. As the projection maps are open, we get that W is open in

G. By Lemma 2.2.16, we can conclude that dim W = dim G, and thus dim T = dim S.

On the other hand, if dim T = dim S, then dim W = dim G. By Lemma 2.2.16, W is open

in G. As both J and Γ are open, we get that T = J × W × Γ is open.

(iv) ⇒ (i) We will show that I is finite, as the proof that Λ is finite is analogous.

Claim: Let X be a definable subset of I. If dim X = dim I, then X is open.

Let X ⊆ I be a definable subset with dim X = dim I. Consider the definable semigroup

M (X, G, Λ, P|Λ×X). As dim(X × G × Λ) = dim(S), by our hypothesis, X × G × Λ is

open, and as the projection map is open, X is open in I.

The claim is the property that will force the finiteness of I. For the sake of contradiction

assume that I is infinite, i.e. dim(I) = d > 0.

Let {(Ui, φi)}i=1,...,k be a definable atlas compatible with the definable space structure of
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I. As I =
⋃k

i=1 Ui, there exists some Ui with dim Ui = d, which without loss of generality,

we assume it to be U1.

As φ1 is a definable bijection, dim(φ1(U1)) = d. Let C be a cell of dimension d with C ⊆

φ1(U1) and let π be a projection onto Md such that π|C : C → π(C) is a homeomorphism

into a cell of dimension d. Let B = (a1, b1)× . . . × (ad, bd) be some open box contained in

π|C(C) (see image below).

I

U1

φ1(U1)

C

π|C(C)
B

φ1

π|C

Then, dim π|C(C) \ B = dim π|C(C), and in particular, dim(I) = dim(I \ (π|C ◦φ1)
−1(B)),

but I \ (π|D ◦ φ1)
−1(B) is not open in I, contradicting the claim we proved.

(i) ⇒ (v) Let T ⊆ S be a definable subsemigroup. By Corollary 3.3.25, there exists J ⊆ I,

Γ ⊆ Λ and a definable subgroup W ⊆ G such that T = M (J, W, Γ, P|Γ×J). By Proposition

2.2.13, W is closed, and as I and Λ have the discrete topology, J and Γ are closed. As a

consequence, T = J × W × Γ is closed.

(v) ⇒ (i) Again, we will only show that I is finite as the proof for Λ is analogous. Let

x ∈ I and set Ix = I \ {x}. Let T = M (Ix, G, Λ, P|Λ×Ix) be a definable subsemigroup of

S. By our hypothesis, T is closed, and by Lemma 3.2.1, we conclude that T is definably

compact. Projecting into I, we conclude by Lemma 3.2.2 that Ix is definably compact, and

thus closed. This means that {x} is open in I, and as x ∈ I was arbitrary, we conclude

that I is equipped with the discrete topology. Any definable space has only finitely many

definably connected components, meaning that I has to be finite.

When a semigroup only has a finite number of H -classes, we say that such semigroups

are H -finite. In particular, a completely simple semigroup being H -finite is equivalent to

both I and Λ being finite
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Note that in Proposition 3.3.26, definable compactness is necessary. Consider for ex-

ample the structure M = (R,<,+, ·, 0, 1). Then (R,+) is a definable completely simple

semigroup isomorphic to M (I, R, Λ, P), where I = Λ = {0} and P(0, 0) = 0.

Then (0, ∞) ⊃ (1, ∞) ⊃ . . . ⊃ (n, ∞) ⊃ . . . is a counterexample to both (ii), (iii) and

(v) in Proposition 3.3.26. Additionally, [0, ∞) is a definable subsemigroup with the same

dimension asR that is not open, thus being a counterexample to (iv) in Proposition 3.3.26.

Before proceeding, I would like to work though the following example.

Example 3.3.27. We work inside the o-minimal structure M = (R,+, ·, 0, 1). Consider

the definable semigroup S = [0, 1]2 ⊆ R2 where the product is given by

(a, b) ∗ (c, d) = (ac, b)

which is definable. Let S1 = [0, 1] with the operation given by (r, s) 7→ rs and S2 = [0, 1]

with operation given by (r, s) 7→ r. Then S = S1 × S2, so it is clear that S is a definably

compact semigroup.

By Proposition 3.3.4, S has at least one idempotent, and indeed, it is easy to verify that

E(S) = {0, 1} × [0, 1]

By Proposition 3.3.10, S has a minimal ideal, which is

K = {0} × [0, 1]

It is easy to see that K is an ideal, and for any ideal I, for any (a, b) ∈ I and for any

(0, x) ∈ K, we have that (0, x)(a, b) = (0, x) ∈ I, which implies that K ⊆ I.

Note that K has an infinite number of idempotents, which implies that K is not H -finite.

By Corollary 3.3.26, K does not have the DCC, which in turn implies that S does not have

the DCC. Indeed

K = {0} × [0, 1] ⊃ {0} × [0, 1/2] ⊃ {0} × [0, 1/3] ⊃ . . .

is an example of an infinite strictly descending chain of definable subsemigroups.

By Corollary 3.3.13, S also has minimal left and right ideals. Moreover, for any e ∈ E(K) =

K, Se is a minimal left ideal and eS is a minimal right ideal, so we conclude that all minimal

right ideals are of the form

{(0, x)} for x ∈ [0, 1]
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and the only minimal left ideal is

{0} × [0, 1] = K

I would like end this chapter by making the following remarks:

Definable compactness seems, so far, to be a good generalization of the notion of com-

pactness for studying definable semigroups, as foundational results in the theory of com-

pact semigroups carry over to definably compact semigroups. However, there are some

results I tried to prove in this more general setting with little success.

Namely, it is a known fact that, in any compact semigroup S, given any element s ∈ S, the

topological closure of the subsemigroup generated by s has a unique idempotent. This

prompts the following question:

Question. Let S be a definably compact semigroup. Given s ∈ S, is there a smallest

definable subsemigroup 〈s〉def containing S? If so, is it true that 〈s〉def has a unique idem-

potent?

Additionally, we say that a semigroup S is right stable if, for any s, x ∈ S,

s J sx ⇒ s R sx

and S is said to be left stable if, for any s, x ∈ S,

s J xs ⇒ s L xs

Furthermore, we say that S is stable if it is right and left stable.

It is known that any compact semigroup is stable, which raises the following natural ques-

tion:

Question. Is it true that any definably compact definable semigroup is also stable?

At the time of writing this, I do not have an answer to these two questions.

Another interesting thing to note is that, contrary to the results about compact semigroups,

results known to be true about definable groups do not, in general, carry over to this new

context, as seen in Corollary 3.3.26.

A particular result about definable groups that I attempted to generalize without success is

the fact that any group has a unique definablemanifold structure that makes it a topological
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group (see Theorem 2.2.8).

This leads to the following question:

Question. Given an o-minimal structure M, and a definable semigroup S, does there

always exist a definable manifold structure on S that makes it a topological semigroup?

If the answer is positive, in general, said definable manifold structure will not be unique,

unlike what happens with Pillay’s t-topology on any definable group. To see this, let S be

any definable set in M, and fix any element of S which I will denote by 0. The operation

s ∗ t = 0 for any s, t ∈ S is associative and definable, meaning that (S, ∗) is a definable

semigroup. Given any subset X ⊆ S, then the pre-image of X under ∗ is:

∗−1(X) =


∅ if 0 6∈ X

S × S if 0 ∈ X

which implies that any topology on S makes ∗ continuous, and in particular, any definable

manifold structure in S will make S a topological semigroup.
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